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—— Abstract
We study countably infinite MDPs with parity objectives. Unlike in finite MDPs, optimal strategies

need not exist, and may require infinite memory if they do. We provide a complete picture of
the exact strategy complexity of e-optimal strategies (and optimal strategies, where they exist)
for all subclasses of parity objectives in the Mostowski hierarchy. Either MD-strategies, Markov
strategies, or 1-bit Markov strategies are necessary and sufficient, depending on the number of colors,
the branching degree of the MDP, and whether one considers e-optimal or optimal strategies. In
particular, 1-bit Markov strategies are necessary and sufficient for e-optimal (resp. optimal) strategies
for general parity objectives.
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1 Introduction

Background. Markov decision processes (MDPs) are a standard model for dynamic systems
that exhibit both stochastic and controlled behavior [17]. MDPs play a prominent role in
numerous domains, including artificial intelligence and machine learning [20, 19], control
theory [4, 1], operations research and finance [5, 18], and formal verification [7, 2].

An MDP is a directed graph where states are either random or controlled. Its observed
behavior is described by runs, which are infinite paths that are, in part, determined by the
choices of a controller. If the current state is random then the next state is chosen according
to a fixed probability distribution. Otherwise, if the current state is controlled, the controller
can choose a distribution over all possible successor states. By fixing a strategy for the
controller (and initial state), one obtains a probability space of runs of the MDP. The goal
of the controller is to optimize the expected value of some objective function on the runs.

The type of strategy necessary to achieve an optimal (resp. e-optimal) value for a given
objective is called its strategy complexity. There are different types of strategies, depending
on whether one can take the whole history of the run into account (history-dependent; (H)),
or whether one is limited to a finite amount of memory (finite memory; (F)) or whether
decisions are based only on the current state (memoryless; (M)). Moreover, the strategy
type depends on whether the controller can randomize (R) or is limited to deterministic
choices (D). The simplest type, MD, refers to memoryless deterministic strategies. Markov
strategies are strategies that base their decisions only on the current state and the number
of steps in the history of the run. Thus they do use infinite memory, but only in a very
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Figure 1 These diagrams show the strategy complexity of e-optimal strategies and optimal
strategies (where they exist) for parity objectives. Depending on the position in the Mostowski
hierarchy, either MD-strategies (green), deterministic Markov-strategies (blue) or deterministic 1-bit
Markov strategies (red) are necessary and sufficient (and randomization does not help [12]). If the
MDPs are finitely branching then the Markov strategies can be replaced by MD-strategies (i.e., the
blue parts turn green), but the deterministic 1-bit Markov part (red) remains unchanged.

restricted form by maintaining an unbounded step-counter. Slightly more general are 1-bit
Markov strategies that use 1 bit of extra memory in addition to a step-counter.

Parity objectives. We study countably infinite MDPs with parity objectives. Parity
conditions are widely used in temporal logic and formal verification, e.g., they can express
w-regular languages and modal p-calculus [9]. Every state has a color, out of a finite set
of colors encoded as natural numbers. A run is winning iff the highest color that is seen
infinitely often is even. The controller wants to maximize the probability of winning runs.
The Mostowski hierarchy [15] is a classification of parity conditions based on restricting the
set of allowed colors. For instance, {1,2,3}-Parity objectives only use colors 1, 2, and 3.
This includes Biichi ({1,2}-Parity) and co-Biichi objectives ({0, 1}-Parity), both of which
further subsume reachability and safety objectives.

Related work. In finite MDPs, there always exist optimal MD-strategies for parity
objectives. In fact, this holds even for finite turn-based 2-player stochastic parity games
[6, 23]. Similarly, there always exist optimal MD-strategies in countably infinite non-stochastic
turn-based 2-player parity games [22].

The picture is more complex for countably infinite MDPs. Optimal strategies need
not exist (not even for reachability objectives [17, 16]), and e-optimal strategies for Biichi
objectives [10] and optimal strategies for parity objectives [13] require infinite memory.

The paper [13] gave a complete classification whether MD-strategies suffice or whether
infinite memory is required for e-optimal (resp. optimal) strategies for all subclasses of parity
objectives in the Mostowski-hierarchy.

However, the mere fact that infinite memory is required for (a subclass of) parity does not
establish the precise strategy complexity. E.g., are Markov strategies (or Markov strategies
with finite extra memory) sufficient?

In [12] we showed that deterministic 1-bit Markov strategies are both necessary and suffi-
cient for e-optimal strategies for Biichi objectives. L.e., deterministic 1-bit Markov strategies
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are sufficient, but neither randomized Markov strategies nor randomized finite-memory
strategies are sufficient. This solved a 40-year old problem in gambling theory from [10, 11].
The same paper [12] showed that even for finitely branching MDPs with {1,2,3}-Parity
objectives, optimal strategies (where they exist) need to be at least deterministic 1-bit Markov
in general, i.e., neither randomized Markov nor randomized finite-memory strategies are
sufficient.

While the lower bounds for e-optimal strategies for Biichi objectives (resp. for optimal

strategies for {1,2, 3}-Parity objectives) carry over to general parity objectives, the upper
bounds on the strategy complexity of e-optimal (resp. optimal) parity remained open.
A basic upper bound and related conjecture. A basic upper bound on the complexity
of e-optimal strategies for parity can be obtained by using a combination of the results of
[12] on Biichi objectives (1-bit Markov) and Lévy’s zero-one law as follows. (However, note
that the following argument does not work directly for optimal strategies.)

Informally speaking, Lévy’s zero-one law implies that, for a tail objective (like parity) and
any strategy, the level of attainment from the current state almost surely converges to either
zero or one. l.e., the runs that always stay in states where the strategy attains something
in (0,1) is a null-set (cf. Appendix B). A consequence for parity is that almost all winning
runs must eventually, with ever higher probability, commit to winning by some particular
color. Thus, with minimal losses (e.g., £/2), after a sufficiently long finite prefix (depending
on ¢), one can switch to a strategy that aims to visit some particular color x infinitely often.
The latter objective is like a Biichi objective where the states of color z are accepting and
states of color > z are considered losing sinks. By [12], an &/2-optimal strategy for such a
Biichi objective can be chosen 1-bit Markov. However, one would also need to remember
which color x one is supposed to win by and stick to that color. The latter is critical, since
strategies that switch focus between winning colors infinitely often (e.g., if they follow some
local criteria based on the value of the current state wrt. various colors) can end up losing.
Overall, the memory needed for such an e-optimal strategy for parity is: [log,(c)] bits for ¢
even colors to remember which color = one is supposed to win by and Markov plus 1 bit for
the Biichi strategy (see above), where the Markov step-counter also determines whether one
still plays in the prefix. Thus Markov plus (1 + [log,(c)]) bits are sufficient. This argument
would suggest that more memory is required for more colors. However, our result shows that
this is not the case.

Our contributions. We show tight upper bounds on the strategy complexity of e-optimal
(resp. optimal) strategies for parity objectives: They can be chosen as deterministic 1-bit
Markov, regardless of the number of colors. L.e., we provide matching upper bounds to the
lower bounds from [12].

In Section 3 we prove Theorem 1. An iterative plastering construction (i.e., fixing player
choices on larger and larger subspaces) builds an e-optimal 1-bit Markov strategy where
the probability of never switching between winning even colors is > 1 — . Its correctness
relies heavily on Lévy’s zero-one law. The number of iterations is finite and proportional to
the number of even colors. It eliminates the need to remember the winning color x and the
[logs(c)] part of the memory.

» Theorem 1. Consider an MDP M, a parity objective and a finite set Sy of initial states.
For every € > 0 there exists a deterministic 1-bit Markov strategy that is e-optimal from
every state s € Sp.

In Section 4 we prove Theorem 2. If an optimal strategy exists, then an optimal 1-bit
Markov strategy can be constructed by the so-called sea urchin construction. It is a very
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complex plastering construction with infinitely many iterations that uses the results of
Theorem 1 and Lévy’s zero-one law as building blocks. Its name comes from the shape of the
subspace in which player choices get fixed: a growing finite body (around a start set Sp) with
a finite, but increasing, number of spikes, where each spike is of infinite size; cf. Figure 4.
E.g., if the initial states are almost surely winning then, at the stage with i spikes, this
strategy attains parity with some probability > 1 — 27% already inside this subspace, and
in the limit of i — oo it attains parity almost surely. A further step even yields a single
deterministic 1-bit Markov strategy that is optimal from every state that has an optimal
strategy.

» Theorem 2. Consider an MDP M with a parity objective and let S,p: be the subset of
states that have an optimal strategy.
There exists a deterministic 1-bit Markov strategy that is optimal from every s € Sopt.

In Theorem 1 and Theorem 2 the initial content of the 1-bit memory is irrelevant (cf.
Lemma 9, Lemma 18 and Remark 8).

Moreover, we show in Section 5 and Section 6 that in certain subcases deterministic
Markov strategies are necessary and sufficient (i.e., these require a Markov step-counter,
but not the extra bit): optimal strategies for co-Biichi and {0, 1,2}-Parity, and e-optimal
strategies for safety and co-Biichi. In the special case of finitely branching MDPs, these
Markov strategies (but not the 1-bit Markov strategies) can be replaced by MD-strategies.

Together with the previously established lower bounds, this yields a complete picture of
the ezact strategy complexity of parity objectives at all levels of the Mostowski hierarchy, for
countable MDPs. Figure 1 gives a complete overview.

2 Preliminaries

A probability distribution over a countable set S is a function f : S — [0, 1] with ) o f(s) = 1.
We write D(S) for the set of all probability distributions over S.

We study Markov decision processes (MDPs) over countably infinite state spaces. Formally,
an MDP M = (S, S5, Sq, —>, P) consists of a countable set S of states, which is partitioned
into a set Sg of controlled states and a set S of random states, a transition relation — C
S x S, and a probability function P : So — D(S). We write s— s if (s,8') € —, and
refer to s’ as a successor of s. We assume that every state has at least one successor. The
probability function P assigns to each random state s € So a probability distribution P(s)
over its set of successors. A sink is a subset T' C S closed under the — relation. An MDP
is acyclic if the underlying graph (S, —) is acyclic. It is finitely branching if every state
has finitely many successors and infinitely branching otherwise. An MDP without controlled
states (Sg = 0) is a Markov chain.

Strategies and Probability Measures. A run p is an infinite sequence sgs; - - - of states
such that s;—>s;41 for all i € N; write p(7) ' g, for the i-th state along p. A partial run is
a finite prefix of a run. We say that (partial) run p wvisits s if s = p(¢) for some ¢, and that p
starts in s if s = p(0).

A strategy is a function o : S*Sy — D(S) that assigns to partial runs ps € S*Sg a
distribution over the successors of s. A (partial) run sgsy - -+ is induced by strategy o if for
all i either s; € Sy and o(sgsy -+ 8;)(si+1) > 0, or s; € So and P(s;)(si41) > 0.

A strategy o and an initial state sg € S induce a standard probability measure on sets
of infinite plays. We write Paqq,.0(R) for the probability of a measurable set R C s5¢5%
of runs starting from sg. As usual, it is first defined on the cylinders sgs; - .. s, 5%, where
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S1,...,8n € S: if 5951 ... 8, is N0t a partial run induced by o then P 4 5 (5051 - - . 5,5%) =

Otherwise, Pays,,0(5051 - - - $n.SY) o H:-L:_Ol (8081 ...8:)(8i+1), where & is the map that
extends o by (ws) = P(s) for all ws € S*S5. By Carathéodory’s theorem [3], this extends
uniquely to a probability measure P4 s, » on measurable subsets of s95*. We will write
E,s0,0 for the expectation w.r.t. Pag 0. We may drop the subscripts from notations, if it

is understood.

Objectives. The objective of the player is determined by a predicate on infinite plays. We
assume familiarity with the syntax and semantics of the temporal logic LTL [8]. Formulas are
interpreted on the structure (S, —). We use [¢]® C s5“ to denote the set of runs starting
from s that satisfy the LTL formula ¢, which is a measurable set [21]. We also write [¢]
for (J,cgle]®. Where it does not cause confusion we will identify ¢ and [¢] and just write
Pat,s,0 () instead of Pay, .0 ([¢]%)-

Given a set T'C S of states, the reachability objective Reach(T) is the set of runs that
visit T at least once; and the safety objective Safety(T) is the set of runs that never visit 7.

Let C C N be a finite set of colors. A color function Col : S — C assigns to each state s
its color Col(s). The parity objective, written as Parity(Col), is the set of infinite runs
such that the largest color that occurs infinitely often along the run is even. To define this
formally, let even(C) ={i € C|i=0 mod 2}. For > € {<,<,=,>,>},neN,and Q C S,
let [Q]°!™™ = {5 € Q| Col(s) > n} be the set of states in Q with color >n. Then

Parity(Col) = \/ (GF[S] Col=i A FG[S] Colgi) '

i€even(C)

The Mostowski hierarchy [15] classifies parity objectives by restricting the range of Col
to a set of colors C C N. We write C-Parity for such restricted parity objectives. In
particular, the classical Biichi and co-Biichi objectives correspond to {1,2}-Parity and
{0,1}-Parity, respectively. These two classes are incomparable but both subsume the
reachability and safety objectives. Assuming that T is a sink, Reach(T") = Parity(Col) for
the coloring with Col(s) =1 <= s ¢ T and Safety(T) = Parity(Col) for the coloring with
Col(s) =1 <= s e T. Similarly, {0,1,2}-Parity and {1,2,3}-Parity are incomparable,
but they both subsume (modulo renaming of colors) Biichi and co-Biichi objectives.

An objective ¢ is called a tail objective (resp. suffiz-closed) iff for every run p’p with some
finite prefix p’ we have p'p € p & p € ¢ (resp. p'p € ¢ = p € ). In particular, Parity(Col)
is tail for every coloring Col. Moreover, if ¢ is suffix-closed then Fy is tail.

Strategy Classes. Strategies o : S*Sy — D(S) are in general randomized (R) in the sense
that they take values in D(S). A strategy o is deterministic (D) if o(p) is a Dirac distribution
for all partial runs p € S*Sg.

We formalize the amount of memory needed to implement strategies. Let M be a countable
set of memory modes. An update function is a function v : M x S — D(M x S) that meets
the following two conditions, for all modes m € M:

for all controlled states s € Sy, the distribution u((m,s)) is over M x {s’ | s—s'}.

for all random states s € So, we have that ), .\ u((m,s))(m’,s") = P(s)(s").

An update function u together with an initial memory mg induce a strategy u[mg] :
S5*Sy — D(S) as follows. Consider the Markov chain with states set M x S, transition
relation (M x S)? and probability function u. Any partial Tun p = sg---s; in M gives rise
to a set H(p) = {(mo, s0) -+ (M4, s;) | mo,...,m; € M} of partial runs in this Markov chain.
Each ps € 595*Sy induces a probability distribution j,s € D(M), the probability of being in
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state (m, s) conditioned on having taken some partial run from H(ps). We define u[mg] such
that u[m)(ps)(s') = > mmreM Hps(mM)u((m, s))(m’, ') for all ps € S*Sy and s’ € S.

We say that a strategy o can be implemented with memory M (and initial memory mg) if
there exists an update function u such that o = u[mg]. In this case we may also write o[mq]
to explicitly specify the initial memory mode mg. Based on this, we can define several classes
of strategies:

A strategy o is memoryless (M) (also called positional) if it can be implemented with a

memory of size 1. We may view M-strategies as functions o : Sy — D(5).

A strategy o is finite memory (F) if there exists a finite memory M implementing o.

More specifically, a strategy is k-bit if it can be implemented with a memory of size 2.

Such a strategy is then determined by a function u : {0,1}* x S — D({0,1}* x 9).

A strategy o is Markov if it can be implemented with the natural numbers M = N as the

memory, initial memory mode mg = 0 and a function w such that the distribution u(m, s)

is over {m+1} x S for all m € M and s € S. Intuitively, such a strategy depends only on

the current state and the number of steps taken so far.

A strategy o is k-bit Markov if it can be implemented with memory M = N x {0, 1}¥,

mo € {0} x {0,1}* and a function u such that the distribution u((n,b,s)) is over

{n+1} x {0,1}* x S for all (n,b) € M and s € S.

Deterministic 1-bit strategies are central in this paper; by this we mean strategies that
are both deterministic and 1-bit.

Optimal and c-optimal Strategies. Given an objective ¢, the value of state s in an
MDP M, denoted by val(s), is the supremum probability of achieving ¢. Formally, we have
vala(s) = sup,es Pagso () where ¥ is the set of all strategies. For £ > 0 and state s € S,
we say that a strategy is e-optimal from s iff Py s o (@) > valpg(s) —e. A 0-optimal strategy
is called optimal. An optimal strategy is almost-surely winning if vala(s) = 1.

Considering an MD strategy as a function o : S5 — S and € > 0, ¢ is uniformly e-optimal
(resp. uniformly optimal) if it is e-optimal (resp. optimal) from every s € S.

Fixing and Safe Sets. Let o be an MD strategy. Given a set S’ C S of states, write
M (o, S’] for the MDP obtained from M by fixing the strategy o for all states in S’, that is,
Mo, S| = (8,55 \ ', S5 US", —s, P') where P'(s) = o(s) for all s € S".

For an objective ¢ and a threshold § € [0,1], denote by Saferq o (/) the set of all states s
starting from which o attains at least probability 8; and denote by Saferq,,(3) the set of

states whose value for ¢ is at least 8. Formally,

def

Safert,op(B) = {s € S | Parso(9) > B, Saferr(8) = {s € S| valame(s) > 5} (1)

3 =-Optimal Strategies for Parity

In this section we prove Theorem 1, stating that e-optimal strategies for parity objectives
can be chosen 1-bit Markov. Given an MDP we convert it by three successive reductions to
a structurally simpler MDP where strategies require less sophistication to achieve parity.

First reduction (Finitely Branching). This reduction converts an infinitely branching
MDP M to a finitely branching one M’, with a clear bijection between the strategies in M
and M’. The construction, first presented in our previous work [12], replaces each controlled
state s, that has infinitely many successors (s;);en, with a “ladder” of controlled states
(¢i)ien, where each ¢; has only two successors: ¢;+1 and s;. Roughly speaking, the controller
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choice of successor s, at s in M, is simulated by a series of choices ¢;11 at ¢;, 0 < i < n,
followed by a choice of successor s,, in state ¢, in M’, and vice versa.

To prevent scenarios when the controller in M’ stays on a ladder and never commits to
a decision, we assign color 1 to all states (¢;);>1 on the ladder (go inherits the color of s).
Hence, a hesitant run on the ladder is losing for parity. So w.l.o.g. we can assume that the
given M is finitely branching.

» Lemma 3.

1. Suppose that for every finitely branching acyclic MDP with a finite set Sy of initial states,
and a parity objective, there exist e-optimal deterministic 1-bit strategies from Sy.

Then even for every infinitely branching acyclic MDP with a finite set Sy of initial states
and a parity objective, there exist e-optimal deterministic 1-bit strategies from Sy.

2. Suppose that for every finitely branching acyclic MDP with a parity objective, there exists
a deterministic 1-bit strategy that is optimal from all states that have an optimal strategy.
Then even for every infinitely branching acyclic MDP with a parity objective, there exists
a deterministic 1-bit strategy that is optimal from all states that have an optimal strategy.

Second reduction (Acyclicity). A deterministic 1-bit Markov strategy can be seen as a
function o : N x {0,1} x S — {0,1} x S, where o has access to an internal bit b € {0,1},
which can be updated freely, and a step counter k£ € N, which increments by one in each step.
Having b and k, o produces a decision based on the current state of the MDP.

Following [12], we encode the step-counter from strategies into MDPs s.t. the current
state of the system uniquely determines the length of the path taken so far. This translation
allows us to focus on acyclic MDPs.

» Lemma 4. Consider MDPs with a parity objective and k € N.

1. Suppose that for every acyclic MDP M’ and every finite set of initial states Sy, and € > 0,
there exists a deterministic k-bit strategy that is e-optimal from all states s € S),.
Then for every MDP M and every finite set of initial states Sy and € > 0, there exists a
deterministic k-bit Markov strategy that is e-optimal from all states s € Sy.

2. Suppose that for every acyclic MDP M’ and € > 0, there exists a deterministic k-bit
strategy that is e-optimal from all states. Then for every MDP M and € > 0, there exists
a deterministic k-bit Markov strategy that is e-optimal from all states.

3. Suppose that for every acyclic MDP M'’, where ng is the subset of states that have an
optimal strategy, there exists a deterministic k-bit strategy that is optimal from all states
s € S;pt. Then for every MDP M, where Sop; is the subset of states that have an optimal
strateqy, there exists a deterministic k-bit Markov strategy that is optimal from all states
5 € Sopt-
By Lemma 4, the sufficiency of deterministic 1-bit strategies in acyclic MDPs implies

the sufficiency of deterministic 1-bit Markov strategies in general MDPs. Thus to prove

Theorem 1, it suffices to prove the following:

» Theorem 5. Consider an acyclic MDP M, a parity objective and a finite set Sy of states.
For every € > 0 there exists a deterministic 1-bit strategy that is e-optimal from every s € Sp.

Third reduction (Layered MDP). This reduction is in the same spirit of the previous one,
in which the bit b € {0,1} is transferred from strategies to MDPs. Given an MDP M, the
corresponding layered MDP L(M) has two copies of each state s € S and each transition ¢ €
—1 of M, one augmented with bit 0 and another with bit 1: (s,¢) and (¢, j) with 4, j € {0,1}.
The states (s,4) are random if s € S and controlled if s € Sy . All the (¢, ) are controlled.
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If there is a transition ¢t = (a,b) from state a to b in M, there will be two transitions from
(a,i) to (t,4), and four transitions from (¢,4) to (b, j) in L£L(M); see Figure 2.

A 1-bit deterministic strategy in M at a state a picks a single successor b and may flip
the bit from ¢ to j; this is simulated in £(M) with an MD strategy o within two consecutive
steps: o first chooses the transition ¢t = (a,b) by o(a,i) = (t,4) and then updates the bit
by o(t,i) = (b,j) thereby moving from layer ¢ to layer j. The controlled states (t,i) are
essential for a correct simulation, since otherwise the controller cannot freely flip the bit
(switch between layers) after it observes the successor chosen randomly at a random state.

» Definition 6 (Layered MDP). Given an MDP M = (S, Sq, So, —1, P1) with coloring
Coly : S — C, we define the corresponding layered MDP L(M) = (L, Lg, Lo, —2, P2) with
coloring Coly : L — C as follows.
L= (SU—1) x {0,1} where the set of controlled states is Lo = (Sg U —1) x {0,1}.
For allt € —1 such that t = (s,s") and for all i,j € {0,1}, we have:
1. (s,i)—a(t,4) and (t,1)—2(s',7),
2. P(s,i)((t,1) £ P(s)(s') iff s € So, and
3. Colay((s,1)) £ Coli(s) and Cola((t,i)) < Coly(s').

The layered MDP of an acyclic MDP is acyclic. For ¢ € S U —1, we refer to the copies
of ¢ in layer 0 and layer 1 as siblings: (¢,0) and (g,1). A set B C L is closed if for each
state (q,7) € B its sibling is also in B. Denote by CI(B) the minimal closed superset of B.

» Lemma 7. Consider an acyclic MDP M = (S, Sg, S, —, P) with a parity objective ¢ =
Parity(Col) and let L(M) be the corresponding layered MDP.

For every deterministic 1-bit strategy u[mg] in M there is a corresponding MD strategy T
in L(M), and vice-versa, such that for every so € S, Pria),(so.mo)or (©) = Pat,so,ulmo] ()

» Remark 8. We note that, in a layered system L£(M), any two siblings have the same
value w.r.t. a parity objective ¢. Moreover, any state s in M has an optimal strategy iff
(s,0) € L(M) has an optimal strategy iff its sibling (s,1) has an optimal strategy.

Suppose 7 is an MD strategy in £(M) that is optimal for all states that have an optimal
strategy. Let u be the update function of a corresponding 1-bit strategy in M, derived as
described in Lemma 7. Then for every state s in M that has an optimal strategy we have
Pat,suf0](9) = Prom),s,0),7 () = Primy,s,1),-(9) = Pagsupj(w). That is, both u[0] and
u[1] are optimal from s, so the initial memory mode is irrelevant. <

To prove Theorem 5, given an acyclic MDP, a set of initial states Sy and € > 0, we
consider the layered MDP L£(M) and set Ly = Sy x {0} of initial states. In the following
lemma, we prove that there exists a single MD strategy that is e-optimal starting from every
state £y € Lo in £L(M). This and Lemma 7 will directly lead to Theorem 5.

» Lemma 9. Consider an acyclic MDP M and parity objective ¢ = Parity(Col). Let L(M)
be the layered MDP of M and Col. For all finite sets Ly of states in L(M) and all e > 0
there exists a single MD strategy that is e-optimal for ¢ from every state €y € Lg.

In the rest of this section, we prove Lemma 9. We fix a layered MDP £(M) (or simply £)
obtained from a given acyclic and finitely branching MDP M and a coloring Col : S — C,
where the set of states is L and the finite set of initial states is Ly C L. Let ¢ be the resulting
parity objective in L.

Recall that even(C) = 2N N C denotes the set of even colors. We denote by enyax the
largest even color in even(C) and assume w.l.o.g., that even(C) contains all even numbers
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Figure 2 An MDP M (in grey) and the corresponding layered MDP £(M) with states of layer 0
and 1 in red and blue, respectively. Here, t = (a,b), t' = (b,c) and t" = (b, d) are transitions of M.

from 2 to epax inclusive. We have:

) d:ef \/ (GF[L]Col:e A FG[L]COZSC)
e€even(C)

\/ (FGF[L] Col=e A FG[L] COZSE) since GF[L]9°'=¢ is a tail objective
eceven(C)

= \/ F (GF[L]9°'=¢ A G[L]“7'=*) since FGA A FGB = F(GA A GB)

e€even(C)

\/ Feoe ,

eceven(C)

def

where . = (GF[L]9°=¢ A G[L]°!<¢). Indeed, . is the set of runs that win through color e
(i.e., by visiting color e infinitely often and never visiting larger colors). Since the Fy, are
disjoint, for all states £ and strategies o, we have:

Pc,e,o(SO): Z PL,@,U(F%)- (2)
C)

e€even(

Fix € > 0 and define v = em:(H. To construct an MD strategy ¢ that is e-optimal
starting from every state in Ly we have an iterative procedure. In each iteration, we define
0 at states in some carefully chosen region; and continuing in this fashion, we gradually
fix all choices of &. In an iteration, in order to fix “good” choices in the “right” region we
need to carefully observe the behavior of finitely many J-optimal strategies oy,, one for each
lo € Ly, which must respect the choices already fixed in previous iterations. We thus view
these strategies oy, to be 3-optimal not in £ but in another layered MDP that is derived
from L after fixing the choices of partially defined .

In more detail, the proof consists of exactly 3 + 1 iterations: one iteration for each
even color e and a final “reach” iteration. Starting from color 2 and £y = L, in the
iteration e € {2, , emax}, we obtain a layered MDP L, from L._» by fixing a single choice
for each controlled state in a set fir,. Roughly speaking, a run that falls in the set fiz, is
likely going to win through ¢, (win through color e). We identify a certain subspace of fiz,,
referred to as core., such that the following crucial fact holds: Once core, is visited the run
remains in fiz, with probability at least 1 — . At the final iteration, we fix the choices of
all remaining states to maximize the probability of falling into the union of core,. sets. As
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mentioned, the majority of such runs that visit core., for some color e, will stay in fiz, forever
and thus win parity through color e. After all the iterations, all choices of all controlled
states are fixed, and this prescribes the MD strategy ¢ from Ly in L.

In order to define the sets fix, we heavily use Lévy’s zero-one law and follow an inductive
transformation on objectives. Lévy’s zero-one states that, for a given set of (infinite) runs of
a Markov chain, if we gradually observe a random run of the chain, we will become more and
more certain whether the random run belongs to that set. This law has a strong implications
for tail objectives. It asserts that on almost all runs sgsyss - -+ the limit of the value of s;
w.r.t. a tail objective tends to either 0 or 1.

In each iteration e € {2,- - , emax }, we transform an objective ¢._o to a next objective 1,
where 19 & ¢ is the parity objective and the result of the last transformation is ¢, =
\/GEGWTL(C) Fcore.. We will also move from the MDP L._5 to L. after the fixings so as to
maintain the following invariant: For all {5 € Ly, the value of £y for ¢, in L, is almost as
high as its value for ¢ in £, that is

Val‘ceywe (KO) Z Valﬁ,ﬁp(éo) —€- 'Y (3)

Recall that ¢ = \/6661}%(6) Fyoe. Let Fixg < ) and write Fix, = Uefge Cl(fiz,) for e €
{2,4,- -, emax - We define:

def

Py = \/ Foer NG —Fixg = ¢ e = \/ Fcoreyr V \/ (Fper A G=Fixe).  (4)

e’>0 e’'<e e'>e

At each transformation, we examine the disjunct y. S Foe A G=Fixe_s in ¥._5. The set
of runs satisfying this objective x. not only win through color e but also avoid the previously
fixed regions. Roughly speaking, the aim is to transform x. to Fcore., to move from 1.2
to .. We apply Lévy’s zero-one law to deduce that the runs satisfying the y. are likely to
enter a region that has a high value for a slightly simpler objective, namely

. = 0o A G—Fixe_s. (5)

To do so, we observe in L._5 the behavior of several arbitrary 3-optimal strategies oy,
for ._q, one for each ¢y € Ly. Then, for each oy,, we apply Lévy’s zero-one law separately;
this provides that there exists a finite set R, of states that have a high value for 6., and
is reached by one of the oy, with probability as high as the probability of satisfying the
disjunct y.. Now we use our previous results [12] on the strategy complexity of Biichi
objectives and prove the existence of an MD strategy 7. that is almost optimal for 6. (error
less than ), starting from every state in R.. We define sets fiz, and core, to be the set of
def

states from which 7. attains a high probability for 8, in L._o; see Figure 3. Define § = 1—~
and o 1 — ~2, and

fiz, = Safec, ., +.0.(8) corec = Safer, ,.r,.0,(c). (6)
We fix the strategy 7. in the fiz -region to derive the MDP L. from L._o. Formally,

L = £e—2[7-67ﬁxe}- (7)

Iteration e € {2, -+ ,emax}: For all states £y € Lo, let oy, be a general (not necessarily MD)

Z-optimal strategy w.r.t. 1._» in the layered MDP L._5. Consider the Markov chain Cy,

induced by L._2, the fixed initial state £y and strategy oy, .
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Figure 3 The construction for Lemma 9. In the first iteration, for color 2, we fix the MD strategy
79 in the fiz,-region. In the second iteration, for color 4, we fix 74 in fiz,, and so on for all even

€max

colors. Everywhere else we fix an «y-optimal reachability strategy towards Uez2

core. (in green).

By definition (Equation 5), . is suffix-closed and Fé, is tail. The strategy oy, attains F0,
with probability at least as large as it achieves disjunct x. in ¥._s. We apply Lévy’s zero-one
law to deduce that the winning runs of F6. likely reach a finite set R, of states that have
a high value for .. In other words, most runs that eventually win through color e, while
eventually avoiding Fix._s, will reach R, within a bounded number of steps.

» Lemma 10. Let so € S and € be a suffiz-closed objective. For all €,&' > 0, there exist n
and a finite set F C Safeg(1 —€) such that P, (FE NFS"F) > P, (FE) —¢'.

By Lemma 10, there exist ng, and a finite set Ry, C Safer, , 9, (c) such that

=2

P, FO. AF="0 Ry ) > Pr. 0.0 (FOe) — 7 (8)

67216030-20(

Define n, = maxg,er,(ne) and R = Ugyer, Beo- Write Re = {(5,0) | 3b- (s,b) € R} for
the projection of R, on the layer 0.

» Remark 11. Suppose & C € and € > 0 are such that P(£’) > P(E) — . Then, for any R,
we have P(E'NR) >P(ENR) —e.

Proof. We have:

P(E'NR) = P(E)—P(E'\R) > P(E)—c—P(E'\R) > P(£)—e—P(E\R) = P(ENR)—¢.

<
We apply Remark 11 to Equation (8) to get
Pr. i (FOe A G—Fixey AFCURL)) > Pr,, 4o 5, (FOc A G—Fixe_s) — %
Since FG =Fix,_s A G =Fix,_o2 = G =Fix._s and x. = Fp. A G=Fix,_s,
Br, oty O NFCURS) 2 Pe 4,0, (Xe) = 3 9)

We think of GF[S]?'=¢ as a Biichi condition on a slightly modified MDP. This allows us
to apply the following theorem from [12] about the strategy complexity of Biichi objectives.

» Theorem 12 (Theorem 5 in [12]). For every acyclic countable MDP M, a Biichi objective ¢,
finite set I of initial states and € > 0, there exists a deterministic 1-bit strategy that is -
optimal from every s € I.

11
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Using Theorem 12, we prove the following.

> Claim 13. In MDP L._,, there is an MD strategy 7., that is (o« — 8)-optimal for 6,
from R..

Notice that 7. is used to define regions core. C fiz,; see Equation (6) and Figure 3. Since
valg, ,.0,(0) =valg, ,,(¢) holds for all siblings ¢ and ¢, all states in R, have value > «
w.r.t. 6. We have chosen 7. to be (a — (3)-optimal, which implies P, ,  (0.) > 3 for
all £ € R.. This shows that R, C fiz,. Strategy 7. is also used to obtain L. from L._s: for
all controlled states £ € fiz,, the successor is fixed to be 7.(¢) in L., see Equation (7).

Invariant (3): Given astate ¢y € Lo, this invariant states that, for all colors e, vals, . (¢y) >
valy ,(fo) — e -y holds. Recall that ¢¥g = ¢ and Ly = £. To prove the invariant, by an
induction on even colors e, it suffices to prove the following:

valg, 4, (fo) > vale, , 4., (o) — 27

We construct a strategy 7 for 1. in L. such that P, ,  (ve) > vale, ,4, ,(l) — 27
Intuitively speaking, m enforces that most runs that win through colors ¢/, with ¢/ < e,
eventually reach the core./-region and most remaining winning runs always avoid the Fix,-
region.

The strategy = is defined by combining o, and 7; recall that the strategy oy, is 3-optimal
w.r.t. Yo starting from fy in L._5. We define 7 such that it starts by following oy,. If it
ever enters Cl(fiz,) then we ensure that it enters fir, as well (in at most one more step).
Then 7 continues by playing as 7. does forever.

The following claim concludes the proof of Invariant 3.

> Claim 14. Pﬁeloﬂr(we) >valg, 4. ,(0o) — 27.

We summarize the main steps in the proof of Claim 14 here. We first prove the claim
that if 7 ever enters Cl(fiz,) then it is possible to define it in such a way that it actually
enters fiz,.

Comparing v, with 1)._o, one notices that two significant terms in the symmetric difference
of these two objectives are x. and Fcore.. Roughly speaking, we use Equation (9) to move
from x. to FCI(fiz,). Then we move from FCl(fiz,) to Fcore. by proving that P, (Fcore.)
is almost as high as P, , _(F Cl(fiz,)), modulo small errors. To derive the latter, we rely
on two facts: another application of Lévy’s zero-one law that guarantees P, , = (0. A Fcore.)
is equal to P, (f.); and the fact that, as soon as 7 visits the first state £ € fiz,, it
switches to 7. forever, and thus attains 6, with probability at least 3.

Reach iteration: After all “3=-iterations for even colors and the fixing, by Invariant (3),
for all ¢y € Lo, we have:

(60) > Valﬁ,g&(KO) — €max- (10)

val,

€max ’wemax

Recall that v, = V. cven(c) FcOTec. At this last iteration, we fix the choice of all
remaining states in L., such that the probability of 1., is maximized. Recall that there
are uniformly e-optimal MD strategies for reachability objectives [16]. Hence, there is a

single MD strategy Tyeach in £ that is uniformly ~-optimal w.r.t. 1., ; in particular,

€max
Treach 1S 7y-optimal from every state £y € L.

Let £ = Lo, [Treach; L]. Let & be the MD strategy in £ that plays from Lg as prescribed
by all the fixings in £’. Since all choices in all the fiz -region are resolved according to 7,

e € {2, -, emax}, we can apply Lévy’s zero-one law another time.
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Figure 4 Initial segment of the sea urchin construction. £; is the result of fixing 7; inside BETA;
and then p; inside the k;-bubble (the set of states reachable from the initial state(s) in < k; steps).
Drawn here for i = 1,2,3,4.

» Lemma 15. Let 0 < 51 < B2 <1 and & a tail objective. For s € Safeg(B2), the following
holds: P (G Safes(8)) > B2=51.

= 1-p

By Lemma 15, for all states ¢ € core,,

?:621—7. (11)

States in fix, have a high value for 6. and thus also for Fee.

0, Te (Gﬁxe) >

Pe

€max’

» Lemma 16. Let 0 < 8 < 1 and & a tail objective. For all states s € Safeg(5):
1. P, (FGSafes(B) \ €) = 0; and
2. P(€\ FGSafeg(B)) = 0.

By Lemma 16.2, we satisfy Fy, almost surely:

]P),C Z,TE(FSDG | G.ﬁze) =1 (12)

€max’

Using Equations (10) and (11), we prove that following.

> Claim 17. The MD strategy & is e-optimal for parity objective ¢, from every state £y € L.
This concludes the proof of Lemma 9.

4 Optimal Strategies for Parity

In this section we show Theorem 2, i.e., that optimal strategies for parity, where they exist,
can be chosen deterministic 1-bit Markov.
First we show the main technical result of this section.

» Lemma 18. Let L(M) be the layered MDP obtained from an acyclic and finitely branch-
ing MDP M and a coloring Col such that all states are almost surely winning for ¢ =
Parity(Col) (i.e., every state s has a strategy o such that Prag .0, (0) =1).

For every initial state sg there exists an MD strategy o that almost surely wins, i.e.,

Pram),so,0(0) = 1.

13
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Proof sketch. The full version of this rather complex proof can be found in Appendix E.
For some intuition consider Figure 4. The sea urchin construction is a plastering con-
struction with infinitely many iterations where MD strategies are fixed in larger and larger
subspaces. Its name comes from the shape of the subspace in which player choices are
fixed up-to iteration i: A growing finite body of states that are reachable from the initial
state sg within < k; steps, plus ¢ different spikes of infinite size. Each spike is composed of
nested subsets ALPHA; C BETA; (and € GAMMA,;, which is used only in the correctness
argument) that correspond to different levels of attainment of certain e-optimal MD strategies
7;, obtained from Lemma 9. Strategy 7; is then fixed in BETA; (and thus in ALPHA;). Other
MD strategies p; are fixed elsewhere in the finite body, up-to horizon k;. Using Lévy’s
zero-one law, we prove that, once inside ALPHA;, there is a high chance of never leaving
the i-th spike BETA;. Moreover, almost all runs that stay in the i-th spike satisfy parity.
Finally, the strategies p; ensure that at least 1/2 (by probability mass) of the runs from sg
that don’t stay in one of the first ¢ spikes will eventually stay in the (¢ + 1)-th spike and
satisfy parity there. Thus, at the stage with ¢ spikes, the fixed MD strategy attains parity
with some probability > 1 — 27% already inside this fixed subspace. In the limit of i — oo,
the resulting MD strategy attains parity almost surely. |

» Definition 19. For a tail objective ¢ and an MDP M = (S, Sq, So,—, P), we define
the conditioned version of M w.r.t. ¢ to be the MDP M, = (S, S«o, Ss0, —«, Px) with
Se={s€85|30.Prms,o(p) =valp(s) >0} and Sig = S« NSy and S.o = S« N So and

—r ={(s,t) € Sx X Si | s—>t and if s € S.g then vala(s) = valp(t)}

and Py : S.o — D(S.) so that P.(s)(t) = P(s)(t) - Z:i//\:l((g forall s € Si,o and t € S, with
S — 4 t.

See Appendix C for a proof that P,(s) is a probability distribution for all s € S, and
therefore that the conditioned MDP M, is well-defined. The name stems from a useful
property (cf. Lemma 33.2) that for all strategies that are optimal for ¢ in M, the probability
in M, of any event is the same as that of its probability in M conditioned under .

The following theorem is a very slight generalization of [13, Theorem 5] (cf. Appendix E).
It gives a sufficient condition under which we can conclude the existence of MD optimal
strategies from the existence of MD almost-sure winning strategies.

» Theorem 20. Let ¢ be a tail objective. Let M = (S, Sy, So, —, P) be an MDP and

M, = (Sk, Sim, Sxos —, Pi) its conditioned version wrt. . Then:

1. For all s € S, there exists a strategy o with Paq, s.0(¢) = 1.

2. Suppose that for every s € S, there exists an MD strategy o” with Paq, 5.0 (p) = 1. Then
there is an MD strategy o’ such that for all s € S:

(30 €EX.Prsolp) = valM(s)) = Pums.o (@) =valp(s)

» Theorem 21. Consider an acyclic MDP M and a parity objective.
There exists a deterministic 1-bit strategy that is optimal from all states that have an
optimal strategy.

Proof. Consider the corresponding layered system £(M) (cf. Definition 6), which is also
acyclic. Let S,,: be the subset of states that have an optimal strategy in M. Thus all states
in Sopt % {0,1} have an optimal strategy in £(M) by Lemma 7.

We now use Theorem 20 to obtain an MD strategy o’ in £(M) that is optimal for all
states in £(M) that have an optimal strategy. First, the parity objective is tail. Second, in
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L(M), any two siblings have the same value w.r.t. parity by Remark 8. Therefore the changes
from L£L(M) to its conditioned version £(M), (wrt. the parity objective) are symmetric in
the two layers. Thus £(M), is also a layered acyclic MDP (i.e., there exists some acyclic
MDP M’ s.t. L(M), = L(M’)), and by Theorem 20.1 all states in L(M), are almost surely
winning. Now we can apply Lemma 18 (generalized to infinitely branching acyclic layered
MDPs by Lemma 3) to £L(M), and obtain that for every state in £L(M), there is an MD
strategy that almost surely wins. By Theorem 20.2 there is an MD strategy o’ in £(M) that
is optimal for all states that have an optimal strategy. In particular, ¢’ is optimal for the
states in S,p; X {0,1} in £(M). By Lemma 7, this yields a deterministic 1-bit strategy in
M that is optimal for all states in S,p:. <

In Theorem 21 the initial memory mode of the 1-bit strategy is irrelevant (recall Remark 8).
Theorem 2 now follows directly from Theorem 21 and Lemma 4(3).

5 Optimal Strategies for {0, 1,2}-Parity

» Theorem 22. Let M = (S, Sy, S, —, P) be an MDP, ¢ a {0,1,2}-Parity objective and
M, = (Sk, Sin, S0y — 4, Pi) its conditioned version wrt. ¢. Assume that in M, for every
safety objective (given by some target T C Sy ) and € > 0 there exists a uniformly e-optimal
MD strategy. Let Sop: be the subset of states that have an optimal strategy for ¢ in M.
Then there exists an MD strategy in M that is optimal for ¢ from every state in S,p:.

The above result generalizes [13, Theorem 16], which considers only finitely-branching
MDPs and uses the fact that for every safety objective, an MD strategy exists that is
uniformly optimal. This is not generally true for infinitely-branching acyclic MDPs [13]. To
prove Theorem 22, we adjust the construction so that it only requires uniformly e-optimal
MD strategies for safety objectives (in the conditioned MDP M.,).

In order to apply Theorem 22 to infinitely-branching acyclic MDPs, we now show that

acyclicity guarantees the existence of uniformly e-optimal MD strategies for safety objectives.

» Lemma 23. For every acyclic MDP with a safety objective and every € > 0 there exists
an MD strategy that is uniformly e-optimal.

While we defined e-optimality wrt. additive errors (cf. Section 2), our proof of Lemma 23
shows that the claim holds even wrt. multiplicative errors (in the style of [16]).

» Theorem 24. Consider an MDP M with a {0,1,2}-Parity objective and let Sope be the
subset of states that have an optimal strategy.

1. If M is acyclic then there exists an MD strategy that is optimal from every state in Sopy.
2. There exists a deterministic Markov strategy that is optimal from every state in Sopt.

Proof. Towards item 1, if M is acyclic then also its conditioned version M, (wrt. {0, 1, 2}-Parity)

is acyclic. Thus, by Lemma 23, in M, for every € > 0 and every safety objective there is a
uniformly e-optimal MD strategy. The result now follows from Theorem 22.
Ttem 2 follows from Item 1 and Lemma 4 (item 3 with & = 0). <

6 =-Optimal Strategies for {0, 1}-Parity (co-Biichi)

» Theorem 25. Suppose that M = (S, Sg, S, —>, P) is an MDP such that for every safety
objective (given by some target T C S) and € > 0 there exists a uniformly e-optimal MD
strategy.

15
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Then for every co-Biichi objective (given by some coloring Col : S — {0,1}) and e > 0
there exists a uniformly e-optimal MD strategy.

The precondition of Theorem 25 is satisfied by many classes of MDPs. Indeed, we obtain
the following.

» Corollary 26. Consider an MDP M and a co-Biichi objective.

1. If M is acyclic then, for every e > 0, there exists a uniformly e-optimal MD strategy.

2. If M is finitely branching then, for every e > 0, there exists a uniformly e-optimal MD
strategy.

3. For every € > 0 there exists a deterministic Markov strategy that, from every initial state
s, attains at least valaq(s) — €.

Proof. Towards (1), for acyclic MDPs, uniformly e-optimal strategies for safety can be
chosen MD by Lemma 23. Towards (2), for finitely branching MDPs there always exists even
a uniformly optimal MD strategy for every safety objective. In both cases the claim then
follows from Theorem 25. Claim (3) follows directly from (1) and Lemma 4 (item 2 with
k=0). <
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A  Reductions in Section 3 and related Lemmas

By the following lemma, the strategy complexity of general parity objectives does not depend
on the branching degree of the MDPs. However, this does not hold for particular parity
objectives with a restricted set of colors, since the construction introduces an extra color.

» Lemma 3.

1. Suppose that for every finitely branching acyclic MDP with a finite set Sy of initial states,
and a parity objective, there exist e-optimal deterministic 1-bit strategies from Sg.

Then even for every infinitely branching acyclic MDP with a finite set Sy of initial states
and a parity objective, there exist e-optimal deterministic 1-bit strategies from Sg.

2. Suppose that for every finitely branching acyclic MDP with a parity objective, there exists
a deterministic 1-bit strategy that is optimal from all states that have an optimal strategy.
Then even for every infinitely branching acyclic MDP with a parity objective, there exists
a deterministic 1-bit strategy that is optimal from all states that have an optimal strategy.

Proof. Towards item (1), we encode an infinitely branching acyclic MDP M into a finitely
branching acyclic MDP M’. Every controlled state x with infinite branching x — y; for all
1 € N is replaced by a gadget * — 21,2, = 241, 2; — yZ for all 4 € N with fresh controlled
states z;. Inﬁmtely branchlng random states with = 2% y; for all 4 € N are replaced by a

gadget x LN 21, % —> Zit1, Zi —> y; for all ¢ € N, with fresh random states z; and suitably
adjusted probabilities p; to ensure that the gadget is left at state y; with probability p;, i.e.,
v =pi/ (H;;ll(l —pj;)). The fresh states are labeled with an unfavorable color that is smaller
than all other colors, e.g., —1.

We take an e-optimal deterministic 1-bit strategy ¢’ for parity from all states s € Sp in
M'’. We construct a 1-bit deterministic e-optimal strategy o for M as follows. Consider
some state x that is infinitely branching in M and its associated gadget in M’. Whenever a
run in M’ according to ¢’ reaches x with some memory value a € {0, 1} there exist values p;
for the probability that the gadget is left at state y;. Let p EC > ien Pi be the probability
that the gadget is never left. (If « is controlled then only one p; (or p) is nonzero, since ¢’ is
deterministic. If z is random then p = 0.) Since ¢’ is deterministic, the memory updates are
deterministic, and thus there are values o € {0,1} such that whenever the gadget is left
at state y; the memory will be a. We now define the behavior of the 1-bit deterministic
strategy o at state x with memory « in M.

If x is controlled and p # 1 then ¢” picks the successor state y; where p; = 1 and sets
the memory to o). If p =1 then any run according to ¢’ that enters the gadget does not
satisfy the objective. Thus o performs at least as well in M regardless of its choice, e.g., pick
successor y1 and o’ = a.

If z is random then p = 0 and the successor is chosen according to the defined distribution
(which is the same in M and M") and o can only update its memory. Whenever the successor
y; is chosen, o updates the memory to af.

In states that are not infinitely branching in M, o does exactly the same in M as ¢’ in
M.

Since all states in the gadgets are labeled with color —1, o performs at least as well in
M as ¢’ in M’ and is thus e-optimal from every s € Sp.

Towards item (2), the proof is almost identical, expect that we consider optimal strategies
from initial states s that have an optimal strategy. |

In order to show the existence of Markov (resp. 1-bit Markov) strategies, it suffices to
show the existence of memoryless (resp. 1-bit) strategies in an MDP that is made acyclic
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by encoding a step counter in the state space. (Note that deterministic 0-bit strategies are
MD strategies and 0-bit Markov strategies are Markov strategies.) This idea appears already
in [12] and can be formally stated as follows.

» Lemma 4. Consider MDPs with a parity objective and k € N.

1. Suppose that for every acyclic MDP M’ and every finite set of initial states Sy and e > 0,
there exists a deterministic k-bit strategy that is e-optimal from all states s € S),.
Then for every MDP M and every finite set of initial states Sy and € > 0, there exists a
deterministic k-bit Markov strategy that is e-optimal from all states s € Sy.

2. Suppose that for every acyclic MDP M’ and € > 0, there exists a deterministic k-bit
strategy that is e-optimal from all states. Then for every MDP M and € > 0, there exists
a deterministic k-bit Markov strategy that is e-optimal from all states.

3. Suppose that for every acyclic MDP M’, where Sy, is the subset of states that have an
optimal strategy, there exists a deterministic k-bit strategy that is optimal from all states
s € S, Then for every MDP M, where Sopt is the subset of states that have an optimal
strategy, there exists a deterministic k-bit Markov strategy that is optimal from all states
5 € Sopt-

Proof. The construction is similar for all three items.

Consider an MDP M = (S, Sg, So, —, P) with sets of initial states Sy (finite), S and
Sopt, respectively.

We transform it into an acyclic MDP M’ by encoding a step-counter into the states, i.e.,
M = (5,80, S5, —', P') where S’ < S x N, S/, £ S5 x N, S5, = S x N, Col((s,n)) =
Col(s), (s,n)—'(s',n+1) iff s—ss" and P'((s,n))((s',n + 1)) = P(s)(s').

For every deterministic k-bit strategy ¢’ in M’ there is a corresponding deterministic
k-bit Markov strategy ¢ in M, and vice-versa. At any state s, ¢ in memory mode m and
step-counter n plays exactly like ¢/ in memory mode m at state (s, n).

It follows from the definition of the colorings that o (with memory mode m) attains the
same from any initial state s as ¢’ (with memory mode m) attains from (s,0). Moreover,

every state s has the same value as its corresponding state (s,0).

; def

1. In M’ we consider the set of initial states S, = Sy x {0}, which is finite since Sy is finite.

By our assumption, for every & > 0, there exists a deterministic k-bit strategy ¢’ in M’
that is e-optimal from all states s € S|. Thus o is e-optimal from all states s € Sp.

2. Like above, except that the set of initial states Sg 2 S is not finite. Since o’ is assumed
to be e-optimal from all states in M’, in particular it is e-optimal from all states in
S, = S x {0}. Thus o is e-optimal from all states s € S.

3. Here the set of initial states is S,p:. Every state s € S,y has the same value as its
corresponding state (s,0) € Sopr X {0} and the corresponding strategies o and ¢’ attain
the same from s and (s, 0), respectively. Therefore S, x {0} C 57, ;. Since the strategy
o' is assumed to be optimal from all states s € S5 ,;, it is optimal from all states in

Sopt X {0}, and thus o is optimal from all states in Sy

<

For ease of presentation, we will, instead of showing the existence of 1-bit strategies in an
acyclic MDP M, show the existence of MD strategies in the corresponding layered MDP
L(M), which encodes the two memory modes into the states by having two copies of M
(called layers 0 and 1). The transitions and probability functions, as well as whether a state
is randomized, and its (parity) color, are lifted naturally.
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The next lemma shows the correspondence between deterministic 1-bit strategies in M
and MD strategies in £(M).

» Lemma 7. Consider an acyclic MDP M = (S, Sy, S, —, P) with a parity objective ¢ =
Parity(Col) and let L(M) be the corresponding layered MDP.

For every deterministic 1-bit strategy ulmg] in M there is a corresponding MD strategy T
in L(M), and vice-versa, such that for every so € S, Pria),(so.mo).r () = Pat,so,ulmo] ()

Proof. For the “M = L(M)” direction, given u[mg], we define the MD strategy 7 to
play in £(M) as follows. For b,b" € {0,1},
for a controlled state s € Sp, if u[mg](b, s) = (V/, s’) meaning that u[myg] chooses s’ at s,
by taking a transition ¢ = (s,s’), and updates the bit to &', we define 7((s,b)) = (t,b)
and 7((t,b)) = (s, 1');
for a random state s € So, if u[mg] updates the memory bit to &’ in case the random

successor resolves to s, by taking a transition t = (s, s'), we define 7((¢,b)) = (s, V).

Similarly, for the “M <= L(M)” direction, given 7 in £(M), we define an update
function wu, such that for all initial bit mg € {0,1} the deterministic 1-bit strategy u[mo]
in M plays from any state s € S as 7 plays in L(M) from (s, mg). The construction is as
follows. For all b,b' € {0,1} and all transitions ¢ = (s, s),

if s € Sg, and if 7((s,b)) = (t,b) and 7((t,b)) = (s, '), we define u(b, s) = (', s);

if s € So, and if 7((t,)) = (s, V), we define u(b, s)(V',s') = P(s)(s').

Denote by C™ the Markov chain obtained from £(M) after fixing 7, and by C*l™0] the
Markov chain obtained from M after fixing u[myo]. Observe there is a clear bijection between
the runs in the Markov chains C7 and C*l"0]. Since the parity colors are lifted accordingly,
we conclude that Pz vq),(so,mo),r () = Pat,so,umo] (), as required. <

B Lévy’s zero-one law

We fix a finitely branching Markov chain C with state space S. We use the probability
measure P, when starting in a state s.
For an event £ € F, the indicator function 1¢ : S — {0, 1} is defined by

1 ifpeé,
15(0)—{

0 otherwise.

Below we recall Lévy’s zero-one law; we state this result for a specific family of sub o-
algebras that is used throughout our proofs. Consider the simplest sequence of sub o-algebras
(Fi)ien of F where each F; is the o-algebra generated by all events that depend only on the
length-i prefixes. Formally, for all ¢ € N, define the sub o-algebra

Fi={A.8*CS“|ACS}.

Observe that F; C Fo C -+ C Fo where Fo, = F is the smallest o-algebra containing
all the F;. The sub o-algebra F;, i € N, introduces an equivalence class ~; on S“ where
p ~; p' if and only if for all £ € F;, the condition p € £ & p' € £ is met. Given a run p,
denote by [p]., the equivalence class of p. By definition of the F, if p € s1---5;5* then
(O]~ = 51+ 8:5¢.
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Given a state s, define the random variable P (€ | F;) : S — [0,1] U {L} such that, for

all runs p € s7---5;5Y,

Py (€ | [p]~:) if Py(s1---s:) #0;
L (read as undefined)  otherwise.

P& | Fi)(p) = {
By Lévy’s zero-one law for all events £ C F, we have that

lim P (& | F;) = 1¢

1— 00

holds P-almost-surely.

» Remark 27. Given a suffix-closed objective £ and a run p € s1---

defined, then

If £ is tail then P, (€ | F;)(p) = P, (E).

(13)

5:5%, if P (€| Fi)(p) is

For the fixed Markov chain C and ¢ > 0, we define Safeg(1 —¢) = {s | P () > 1 —¢}.

» Lemma 28. Let so € S and £ be a suffiz-closed objective and ¢ > 0. Then Py (FE A

—FSafeg(1 —¢)) =0.
Proof. Let sg € S. We have:
[G-Safes(1 — )] = {sos1---|Vi.P, (£) <1—¢}
C {pe€spS|Vi.P, (E|Fi)(p) <1—¢}
C {pesoS” | lim Py (€] Fi)(p) # 1}

It follows

by Remark 27

P, (€ A G-Safee(1-€)) < B, (EN{p€so8* | lim B, (€| F)(p) #1}) = 0 (14)

by Lévy’s zero-one law.
Let sg € S. We have:

P, (FE A —FSafeg(1 —¢))
= P, (FE A G=Safeg(1 —¢))

=P, ( U 5081 - 8i—1(E N 8;5%) A G- Safeg(1 — e’:‘))

S1---8;€ES8*
< Z P, (s081---8i-1(E N 5;5“) A G=Safeg(1 —¢)) union bound
S1--8,€5*
< ) P ((ENs8%) AGaSafes(1 —¢))
S1--8;E€S*
= > P, (ENGSafeg(l—¢))
S1-+8;ES*
=0 by Equation (14)

<
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» Lemma 10. Let so € S and € be a suffiz-closed objective. For all €,&' > 0, there exist n
and a finite set F C Safeg(1 —€) such that P, (FE NFS"F) > P, (FE) — €.

Proof. By Lemma 28 we have
P, (FE NFSafes(1 —¢)) =P, (FE).
By continuity of measures it follows that there is n such that
<n
P, (FE ANF="Safec(1 —¢)) > P, (FE) — €.

Let bubble,, (sg) be the set of states that can be reached from sy within at most n steps.
Since the Markov chain C is finitely branching, F < Safeg(1 — ) N bubble,, (so) is a finite set.
Then we have [FS"F] = [F<"Safes(1 — ¢)] and the statement of the lemma follows. <

» Lemma 16. Let 0 < 8 < 1 and & a tail objective. For all states s € Safeg(5):
1. P, (FGSafes(B)\ €) = 0; and
2. P,(£\ FGSafeg(8)) = 0.

Proof. By Lévy’s zero-one law,
P({o| im Py(€] Fi)(p) = 1e(p)}) = 1, and

(15)
P({p | im Py (€] Fi)(p) # Le(p)}) = 0.

On one hand Equation (15) implies that
P({o | lim Py (€] Fi)(p) = 0A1e(p) = 0}
U{p | lim Py(&] Fi)(p) = 1A 1e(p) = 1}) =1

=P, ({p| lim P (€] F)(p) =0} U{p|Lle(p) =1}) =1

SP,({p|Ve>0InVi>nP,(E| F)(p) <etU&) =1
S P,({p| Vi = nP,(E€ | F)(p) < B}UE) =1
=P, (FG-Safeg(B)UE) =1 by Remark 27

since [[FGﬁSafeg(ﬂ)]] - [[—\FGSafeg(ﬁ)H

=P, (-FGSafes (f) UE) =1
<P, (FGSafes(B)N—=E) =0
&P, (FGSafes(8) \ £) = 0
On the other hand Equation (15) implies that
P({p| lim P (€[ F)(p) # 1A 1e(p) = 1}) =0
=P, ({p| lim P(€]F)(p) #1} N {p|1le(p) =1}) =0
=P,({p|VnIi=nP,(€|Fi)(p) <BtN{p|1e(p)=1}) =0
<P, (-FGSafes(B)NE) =0 by Remark 27
&P (E\ FGSafes(B)) =0

S
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» Corollary 29. Let 0 < 8 < 1 and £ a tail objective. For all states s € Safec(B), we have
P,(€ | GSafes(5)) = 1.

Proof. Since GSafeg () is contained in FGSafeg (), Lemma 16 leads to P,(GSafes (5)\E) = 0.
Then,
Py (€N GSafes(B)) = Py(GSafes(8)) — Py (GSafes(8) \ €)
— P, (GSafes (5).

__ P,(£NGSafee ()

By the above equality, we get that P (£ | GSafes(3)) = Goafes (3 = 1- <

» Corollary 30. Let 0 < 1,082 < 1 and £ a tail objective. For all states s we have

P, (FG Safeg(B1) \ FG Safec(B2)) =0
Proof. We have that

FG Safec (1) \ FG Safeg(52)
= [E N (FG Safes (1) \ FG Safes(52))]
U [(FG Safes(B1) \ FG Safes(62)) \ €]
C (£ \ FG Safeg(B2)) U (FG Safes (1) \ €).

Thus P, (FG Safes (1) \ FG Safes(82)) < P4(€ \ FG Safeg(B2)) + Py (FG Safeg(81) \ €) = 0, by
Lemma 16. <

(16)

» Lemma 15. Let 0 < 81 < B2 <1 and & a tail objective. For s € Safec(B2), the following

holds: P (G Safeg (1)) > =45+

Proof. Write x for P, (G Safes(1)). We condition the probability of & under G Safeg(51).
By the law of total probability, we have

B2 < P (&) =P, (€| GSafec(p1)) -+ P (€| -G Safes (1)) - (1 — x).

By Corollary 29, we have P, (€ | GSafeg(f1)) = 1. Hence we have 3 < x4 1 - (1 — z); and
T > ﬁf_;ﬁﬁll follows. <

C The Conditioned MDP

In this section we adapt some results from [13].
We will need the following lemma, which is a variant of [14, Lemma 20]:

» Lemma 31. Let ¢ be a tail objective. Let M = (S, Sq, So, —, P) be an MDP, and sg € S,
and o be a strategy with Py, s,,0(¢) = vala(so). Suppose that sos1--- S, for somen >0 is
a partial Tun starting in sq and induced by o. Then:

1. valM(sn) = PM7SO,U([[QOHSO | SpS1 " - SnSw).

2. If sn € S then valap(sn) =325, . es P(sn)(sn+1) - valm(sntr).

3. If s, € Sp then vala(sy) = valpy(sps1) for all s,v1 € supp(o(sos1 -+ Sn))-

Proof. First we show Paqs,,0([¢]% | s0s1---$,5%) < valaq(sy). Define a strategy o' :
S*Sp — D(S) by o' (w) = 0(s081 - - - Sp—1w) for all w € S*Sy. Then we have Py 50,0 ([]%° |
5081 SnSw) = PM,sn,U’([[@ﬂsn) < ValM(Sn)'

Next we show vala(sy) < Pagse,o([€]® | s081 -+ 505¢). Towards a contradiction, sup-
pose that vala(sn) > Par,sg,0 ([¢]%° | 051 -+ $0,5%). Then, by the definition of val(s,),
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there is a strategy o’ with Puqs, o ([€]°") > Patiso.o([€]%° | 5051 --5,5%). Define a
strategy ¢’ that plays according to o; if and when partial run sgsy - - - s, is played, then ¢”
acts like o/ henceforth; otherwise ¢’ continues with o forever. Using the tail property we get:

Pm,so.0 ([0]°)

= Pr,so,07 ([0]°° | 5081+ 505%) - PM,sg,07 (8081 + -+ 52.5%)
+ HDM75070'//([[()0]]50 \ 5051+ 5,5%)

=Prt,s,,0 ([£]°") - Prt,s0,0(5081 -+ $0.5*)

+PM78070([[90]]80 \5051 "'Snsw) def. of "
> PM’SO,U(H@HSO | 5081 SnSw) . PM,SO,O’(SO‘Sl te Snsw)

+ Prt,s0,0 ([0]™ \ s051 -+ $,.5%) def. of o’
= Pr,s0,0([]*)

= valp(so) def. of &

This contradicts the definition of vala(so). Hence we have shown item 1.
Towards items 2 and 3, we extend o : S*Sy — D(S) to o : S*S — D(S) by defining
o(ws) = P(s) for w € S* and s € So. Then we have for all 5,41 € S:

P, s0,0 (5051 $nSn415) = Pat sg,0(S051 - $0.5%) - 0 (S081+++ Sn) (Snt1) (17)
Further we have:

vala(sn)
=P so.o([9]™ | 5051+ 505%) by item 1
Pt I 5051 505%)
B Pat,se,0 (5081 -+ - $n,5%)
Y enires Patisoo (01 Nsost - spsn415%)
Pt 50,0 (5051 -+ - 50.5%)

1
= . ]P)M S0S1 " SpS 15"*’ .
PM,S(),G'(SOSI . SnSw) N %:ES 1‘5070-( non+ )
: ]PM,S(),O'(HSDHSO ‘ 5081 5n5n+15w)
= Y o051 50)(5041) Pasoo ([0 | 50517+ 5501 5%) by (17)
Sn4+1€S
= Z (5081 8n)(Sn+1) - valp(snt1) by item 1
Sn4+1€S

Thus we have shown item 2. Towards item 3, suppose s, € Sg. Then, by the tail property,
valaq(sy) > valag(sy41) for all s,41 with s,—>s,41. Since o(spsy - - sp,) is a probability
distribution, the equality chain above shows that vala(s,) = vala(spy1) for all s,41 €
supp(c(soS1 - - Spn)). Thus we have shown item 3. <

» Lemma 32. The conditioned version M, of M w.r.t. tail objective ¢ (cf. Definition 19 is
well defined.

Proof. By Lemma 31.2 we have that P,(s) is a probability distribution for all s € S.q; hence
the conditioned MDP M, is well-defined. >

The following lemma is a reformulation of [13, Lemma 6]:
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» Lemma 33. Let ¢ be a tail objective. Let M = (S, Sy, So, —, P) be an MDP, and let
M, = (Si, Sia, Sxoy —>«, Ps) be its conditioned version. Then:

1. Forallo € ¥pq, and alln >0 and all sg, ..., Sy, € Sk with Sg—>x S1—% -+ —4 Sp*
P ( S“) P ( S“) vala(sn)
so.o(8081 """ S, = so.o(8081 """ S, —
M. 50,0 (5051 M, s0,0 (5051 vala(s0)

2. For all sg € Sy and all 0 € Zpg with Pagsy,0(p) = vala(se) > 0 and all measurable
R C 505 we have Py, 55,0 (R) = Pat,se,0(R | []%°)-

Proof. We prove item 1 by induction on n. For n = 0 it is trivial. For the step, suppose
that the equality in item 1 holds for some n. If s,, € S.o then we have:

PM*,SO,G(SOsl T SnanrlSw)
= PM*7507U(8081 T SnSw) - Py (Sn)(3n+1)

val S .
=Pat,s,0(S051 - 5n.5Y) - val/\/:EsZ)) P.(5,)(8n+1) ind. hyp.
valag(sy) valp(Snt1)
—Prme o 8,89 T P ) (Spa) - —— o def. of P,
Misoa(5081 - 80 5") vala(so) (n)(8n1) vala(sn) e
val g (spe1)
:]P 80.0 cSpSn SUJ - —_—
M,s0,0 (5051 * SnSp+157) valoi(s0)

Let now s, € Sig. If 0(s0s1 - .- 8n)(Sp+1) = 0 then the inductive step is trivial. Otherwise
we have:

PM*,SO,U(SOSI e SnSnJrlSw)

=P, s0,0(5051 - 5nS%) - 0(5051 ... 5 ) (Snt1)

5n5%) - vala(sn)

= PM78070(8051 cee ValM (80) 0'(8081 e Sn)(5n+1) lIld hyp
valaq(Snt1)
=Pt sp,0(5051 - 5p5%) - Wéo) -0 (8081 -+ -5n)(Sn+1) def. of —,,
—_P (5081 5nS 15«))."31/‘/‘7(3”“)
M,s0,0(5051 non+ ValM (50)

This completes the inductive step, and we have proved item 1.
Towards item 2, let sg € Sy and 0 € X such that Py s, (¢) = vala(so) > 0. Observe
that o can be applied also in the MDP M,. Indeed, for any s € S.q, if t is a possible

successor state of s under o, then val(s) = vala(t) by Lemma 31.3 and thus ¢ € S,.
Let again n > 0 and sg, $1,...,8, € S.

Suppose sgs1 - - - Sy, is a partial run in M, induced by o. Then we have:

PM*,S(),O'(SOSI ce snsw) ' PM,SO,U(QO)

vala(sn) .
—-P ciig QWY . M) B tem 1
M,SO’U(SOSI Sn ) ValM(So) M’SO’U(QP) 1tem
=Partso.0 (5051 5,5) - valp(sy,) assumption on o
=Pprt,s0,0 (5051 - 5nSY) - Pad,so.o ([]%° | S051 - - - $0.5%) Lemma 31.1

= Pat,s0,0([€]°° Nsps1 -+ 5,5)

Suppose sg$1 - - - Sy, is not a partial run in M, induced by o. Hence Ppy, 5,.0(S081 - - $,5%) =
0. If 5981 - - - Sy, is not a partial run in M induced by o then P s, o (S051 - 5,5¢) = 0.

25



26

Strategy Complexity of Parity Objectives in Countable MDPs

Otherwise, since o is optimal, there is ¢ < n with vala(s;) = 0, hence Pay .0 ([]%° N
$081 - $pS%). In either case we have Pag, s0.0(8081 - $05%) - Prmsy.o(9) = 0 =
Pat.so.0 ([l Nsos1 -« s,,5Y).
In either case we have the equality Paq, s0.0(R) = Parise.o (R | []%°) for cylinders R =
S081 - - 8, 5%, Since probability measures extend uniquely from cylinders [3], the equality
holds for all measurable R C 595%“. Thus we have shown item 2. ]

The following lemma is [13, Lemma 7].

» Lemma 34. Let M = (S, 54, S0, —, P) be an MDP. Let ¢ be an objective that is prefiz-
independent in {M}. Suppose that for any s € S and any strategy o with Pags.(p) =1
there exists an MD-strategy o' with Paq s.0(¢) = 1. Then there is an MD-strategy o’ such
that for all s € S:

(B0 €S Prsolp) =1) = Prrso(p)=1

Proof. We can assume that all states are almost-surely winning, since in order to achieve
an almost-sure winning objective, the player must forever remain in almost-surely winning
states. So we need to define an MD-strategy o’ so that for all s € S we have Ppy 0 (¢) = 1.

Fix an arbitrary state s; € S. By assumption there is an MD-strategy o; with
Pat,s1,0.(p) = 1. Let Uy C S be the set of states that occur in plays that both start
from s; and are induced by o1. We have Paq s, .0, ([¢]** NUY) = 1. In fact, for any s € Uy
and any strategy o that agrees with o1 on Uy we have Py s »([¢]° NUY) = 1.

If U; = S we are done. Otherwise, consider the MDP M obtained from M by fixing o
on U (i.e., in M; we can view the states in U; as random states). We argue that, in My,
for any state s there is an MD-strategy o} with Pty 5,01 (¢) = 1. Indeed, let s € S be any
state. Recall that there is an MD-strategy o with Pay s (@) = 1. Let o be the MD-strategy
obtained by restricting o to the non-U; states (recall that the U; states are random states
in Mj). This strategy of almost surely generates a run that either satisfies ¢ without ever
entering U; or at some point enters Uy. In the latter case, ¢ is satisfied almost surely: this
follows from prefix-independence and the fact that o} agrees with o1 on U;. We conclude
that PM173701 ((p) =1.

Let s5 € S\ U;. We repeat the argument from above, with s instead of s1, and with M
instead of M. This yields an MD-strategy o2 and a set Uz 3 sg with Paq, 5,0, ([¢]52NUS) = 1.
In fact, for any s € Us and any strategy o that agrees with oo on Us and with o1 on U; we
have Paq s o ([]° NTUY) = 1.

If Uy UU; = S we are done. Otherwise we continue in the same manner, and so forth.

Since S is countable, we can pick s1, s, ... to have UiZl U; = S. Define an MD-strategy o’
such that for any s € Sy we have ¢’(s) = 0;(s) for the smallest ¢ with s € U;. Thus, if s € U;,
we have Py 5.0/ (¢) > Pars,or ([ NUF) = 1. <

The following lemma is [14, Lemma 8§].

» Lemma 35. Let S be countable and s € S. Call a set of the form swS“ for w € S* a
cylinder. Let P,P" be probability measures on sS* defined in the standard way, i.e., first on
cylinders and then extended to all measurable sets R C sS“. Suppose there is x > 0 such
that x - P(€) < P'(€) for all cylinders €. Then x - P(R) < P'(R) holds for all measurable
R C sS5¥.

Proof. Let C = {€ C sS“ | € cylinder} denote the class of cylinders. This class generates an
algebra C, D C, which is the closure of C under finite union and complement. The classes C
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and C, generate the same o-algebra o(C). The class C, is the set of finite disjoint unions of
cylinders [3, Section 2]. Hence z - P(R) < P'(R) for all R € C,.
Define

Q={Rea() ]|z P(R) <P (R)}.

We have C C C, C Q C o(C). We show that Q is a monotone class, i.e., if R, Ra,... € Q,
then Ry € Ro C --- implies |J,R; € Q, and Ry 2 Ry O --- implies [, R; € Q. Suppose
Ri,Ro,... € Qand R1 C Ry C---. Then:

x - lP’( U RZ) =supz - P(R;) measures are continuous from below
< sup P'(R;) definition of Q
=P ( U Ri) measures are continuous from below

So J; Ri € Q. Using the fact that measures are continuous from above, one can similarly
show that if R1,Re,... € Qand Ry 2 Ra O --- then (), R; € Q. Hence Q is a monotone
class.

Now the monotone class theorem (see, e.g., [3, Theorem 3.4]) implies that o(C) C Q, thus
Q =0(C). Hence z - P(R) < P'(R) for all R € o(C). <

The following theorem is a variant of [13, Theorem 5].

» Theorem 20. Let ¢ be a tail objective. Let M = (S, S, S5, —, P) be an MDP and

M, = (Ss, Sim, S0y —>«, Pi) its conditioned version wrt. . Then:

1. For all s € S, there exists a strategy o with Paq, s.0(¢) = 1.

2. Suppose that for every s € S, there exists an MD strategy o” with Paq, 5,07 (p) =1. Then
there is an MD strateqy o’ such that for all s € S:

(Ha €EX.Prso(p) = valM(s)) = Puis.or (@) = vala(s)

Proof. Towards item 1, let s € S,. By the definition of S,, there is a strategy o with
Pat,s,0 () = valag(s) > 0. By Lemma 33.2, we have Py, 5 »(¢) = 1, as desired.

It remains to prove item 2. Suppose that for any s € S, there exists an MD-strategy o’
with Paq, s,07(¢) = 1. By Lemma 34, it follows that there is an MD-strategy ¢’ with
Pa, s,0/(¢) =1 for all s € S,. We show that this strategy o’ satisfies the property claimed
in the statement of the theorem.

To this end, let n > 0 and sg, s1,...,5, € S. If sgs1--- s, is a partial run in M, then,
by Lemma 33.1,

vala(sn)

P, 50,07 (3031 T Snsw) = PM7507U'(8081 T S”Sw) ' valaq(so) ’
0

and thus, as valy(sy,) <1,

vala(so) - Pat, 50,07 (8051 - $05%) < Patsp,0 (5081 - $05%) .

If 5981 - - Sy, is not a partial run in M, then Ppy, s,.07(S051 -+ $,,5%) = 0 and the previous
inequality holds as well. Therefore, by Lemma 35, we get for all measurable sets R C 57.5%:

ValM(SO) P, 50,00 (R) < PM7507U’(R)

In particular, since Puq, s,,0/(p) = 1, we obtain vala(sg) < Pay,sy,07(¢). The converse
inequality Pay 5.0/ (¢) < vala(so) holds by the definition of vala(sg), hence we conclude
Pat,so,00 () = vala(so). <
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D Missing proofs in Section 3

We first recall our results [12] on the strategy complexity of Biichi objectives:

» Theorem 12 (Theorem 5 in [12]). For every acyclic countable MDP M, a Biichi objective i,
finite set I of initial states and € > 0, there exists a deterministic 1-bit strategy that is e-
optimal from every s € I.

We will prove that

> Claim 13. In MDP L._s, there is an MD strategy 7., that is (o — 8)-optimal for 6,
from R..

Proof. Consider the original MDP M. Given a set B C L in £, we use project(B) = {s |
(s,b) € B,b e {0,1}} to project the set into M.

We first slightly modify M to obtain M’. The modification guarantees that, for all
states s and runs p of M/,

sp € [[GF[S} COl:e]] if and only if sp € [[GF[S} Col=e A G[S]C0I=e A Gﬂproject(Fixe)]] .

We redirect all out-going transitions of states s’ € project(Fix.) or s’ with Col(s") > e to
an infinite chain gogigs - -+ of controlled states where Col(g;) = 1 and ¢;—>¢;11. We also
update the color of all states s with Col(s) < e to 1.

The objective GF[S]€?=¢ is a Biichi Objective in M’. By Theorem 12, given the finite
set project(R.) of initial states, there exists a deterministic 1-bit strategy ¢ in M’ that
is (o — B)-optimal w.r.t. GF[S]€?!=¢ for every state s € project(R,) (with the memory bit
initially set to 0).

Since the fixed choices in L._o are only in the Fix._s-region, strategy o can be translated
in a natural way to a deterministic memoryless strategy o’ in L._s: For a state s € Sg and
b € {0,1}, if o chooses the successor state s’, by taking a transition ¢t = (s, s’), and updates
the bit to b, we define o’((s,b)) = (t,b) and o’((t,b)) = (s',¥'). For a random state s € Sp,
and b € {0,1}, if the strategy o updates the memory bit to b’ in case the random successor
resolves to s, by taking a transition ¢t = (s,s") , we define o’((t,0)) = (s','). Recall that
the bit is initially set to 0 in o. Consequently, the strategy ¢’ is (a — /3)-optimal for 6, from

every state £ € R, in the layered MDP L. _». <

We next prove the main technical claim in Section 3:
> Claim 14. P£e7€077"(we) >valy, 54, ,(00) —27.

Proof. Recall the definition of 7: it starts by following oy,. If it ever enters CI(fiz,) then we
ensure that it enters fiz, as well (in at most one more step). Then 7 continues by playing
as 7. does forever.

Below we argue that if 7 ever enters Cl(fiz,) then it is in fact possible to choose the
layer in such a way that 7 enters fiz, instead. Assume 7 enters CI(fiz,) at ¢ after taking a
transition from p to ¢q. Let ¢ € fix, be the sibling of ¢. By construction,

1. either p € —»; x {0,1} is controlled: the controller switches the layer in p, by choosing ¢
rather than ¢ and enters fiz,;

2. or ¢ € —1 x {0,1} is controlled. By definition (6), the MD strategy 7. attains a high
value from state q for 6.. Hence, 7.(q) € fiz,. Hence, the controller can switch the layer
in ¢ by playing 7.(q) and enters fiz,.
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For all ¢’ € {2,4,-- | emax} define

def

Xer = Fper NG —Fixe_2

~ def

Xer = Fper N G —Fixe.

We define

P S \/ Fcoreer V \/ Xe!
e'<e e’'>e (18)

= \/ Fcoreo V \/ Ye!

e'<e e'>e

By definition of ©)._2 and 1., see definition (4), we have 1._2 = 1V x. and ¢, = ¢’ V Fcore,.

For brevity, further define p = FCI(fiz,). Observe that [y A —p] € [¢'].
We first have that

Pr. 4o (Fcoree)
>Pg, 4, (Fcore. A p)
>Pr 4y (=Clfiz,) until (Cl(fiz,) A Foe A Feoree A G —Fix._2))

= Y Pr . (~Clfiz,) wntil £) - P, (6. AFcore,)
Le Cl(fix,)

Z Pr. oo (0Cl(fiz,) until £) - P, ,  (6.)
teCi(fiz,)

Z Pr. 4o (mClfiz,) until £) - B

¢e Cllfiz,)
=P 4.-(p) B
=Pr. 000, (P) B
=Pr. 400,00 (1=7)
2Pr. st (P) =

by Lemma 16.2

v

(19)
We use the law of total probability:
]P)Ec_g,ZQ,G‘gO (1/]672) = ]P)ﬂc_g,go,a‘go (’l/} /\ _‘p) + IP)[,E_Q,Z(),D'[O (Xe) + ]P)ﬁe_g,lo,a'go (w /\ p) (20)

In one hand, since £, and L._2 only differ in the fiz -region, and since 7 plays as oy, on
all runs contained in —p:

Pro stoon, @ N7P) =Pr, gy A—p) < Pr. gyn(W)
In the other hand, by Equation (9):

”y
Pro stoon,(Xe) SPr,_, 00,00, (Xe AP) + 5
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Applying the above to Equation (20) yields:

Pﬁefz,fo,dzo (¢672)

5
<Pl o) H P,y t0.00 Xe AP) +Pr, 0000 (VA P)+ 5
)

TP st0.00, ((xe VY) A p)+ % since x. and v are disjoint
v
+Pr oo, (P) + 5

= Pﬁg,@@,ﬂ‘(
S Pﬁg,f@,ﬂ‘(
S Pﬁg,f@,ﬂ'(

=Pr, go.x(Ye) +

(4
(4
v')
V) +Pr,, 4on(Feoree) +v+ % by Equation (19)

3y
2
To conclude the proof we recall that oy, is 3-optimal w.r.t 1._. <

> Claim 17. The MD strategy & is e-optimal for parity objective ¢, from every state £y € L.

Proof. For the MD strategy &, by the law of total probability, we have

Proy.s(P) > Z P, 4y.6(Fpe A Feore) .
eceven(C)

Let C' be the set of even colors e where P, , (Fcore.) > 0. Then:

= Z Pﬁlo,&(F@e | Fcore,) -PL,ZO’(%(Fcoree)

ecC’

> Z Pr 4,.6(Gfiz, | Feore.) - P, 5(Fcore.) by Equation (12)
ecC’

> Z (1—=7) P4, s(Fcore.) by Equation (11)
ecC’

=(1-9)- Z Pﬁ,eo,&(FCOTee)

e€even(C)

>(1=9) Py 6 (Vemax)

since Treach is y-optimal and by Equation (10),

- 7) : (valﬁ,tp(EO) — €max” — ’Y)

> (
2 Val[:’(p(go) - (emax + 2)7

Recall that € = (emax + 2)y. Thus we have shown that the MD strategy & is e-optimal
w.r.t. ¢ from every state ¢y € L. <

E Missing proofs in Section 4
» Definition 36 (Bubbles). Let M be an MDP with states S, R C S, 1 € N. The [-bubble
around R is the set

def

bubble(M, R, 1) £ {s | 3s¢ € R.IT.Pps 4, (FS's) > 0}

of states that can be reached from R in at most | steps. Any bubble around a closed set R C L
is closed.
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Recall that for an MD strategy 7, we write M[r, R] for the MDP obtained from M
by fixing the strategy 7 for all states in R. We will simply write M|[r] for M|r, S], where
def

7 is fixed everywhere, and M7, R,l] = M|, bubble(M, R,1)] that fixes 7 in the I-bubble
around R.

» Lemma 18. Let L(M) be the layered MDP obtained from an acyclic and finitely branch-
ing MDP M and a coloring Col such that all states are almost surely winning for ¢ =
Parity(Col) (i.e., every state s has a strategy os such that Prpyg) 5.0, () =1).

For every initial state sq there exists an MD strateqy o that almost surely wins, i.e.,

Pram),so,0(p) = 1.
Proof. Directly from Lemma 37 (let Lo = CI({so})). <

» Lemma 37. Let L(M) be the layered MDP obtained from an acyclic and finitely branch-
ing MDP M and a coloring Col such that all states are almost surely winning for ¢ =
Parity(Col) (i.e., every state s has a strategy o5 such that Pr ) s.0. () =1).

For every finite closed set Lo of initial states there exists an MD strategy 6 that almost
surely wins from every state so € Lo. That is, Vso € Lo. Priay,s0,6(¢) = 1.

Proof. We iteratively produce an infinite sequence Ly, L1, Lo, ... of layered MDPs. They
have the same structure as £(M), but in each step from L; to £;11 the choices in some
subset of states (reachable from Ly) are fixed. In the limit all choices from all controlled
states reachable from Ly are fixed. Hence this prescribes an MD strategy 6 from Lg in £(M).
It is not sufficient that these fixings of MD strategies in subspaces are compatible with some
strategy almost sure winning for ¢, since progress (e.g., towards visiting a particular color)
might only be made outside of the fixed subspace, and thus be delayed forever. Instead we
prove the stronger property that & ensures ¢ with some probability p;(so) from sg € Lg
already in the fixed subspace of £; alone, and that lim; ., p;(so) = 1. This then implies
that & is almost surely winning for ¢ in £L(M).

The sea urchin construction.

Its name comes from the shape of the subspace where strategies are fixed: a finite body H;
out of which come finitely many spikes (BETA;, where each spike is infinite). As the body

grows, more spikes are added. Eventually the sea urchin covers the entire space; see Figure 4.
The construction uses some global thresholds 1 > a > 5 >+ > 0, to be determined later.

Moreover, in each step from £; to £;11 we will define the following notions.
Small error thresholds €; > 0 for j € {0,1,2,3}).
Thresholds I;, k; € N of a number of steps from L.

Finite closed subsets of states H; where Hy = () and H; & bubble(L, Lo, k;) for i > 0.

(H; is finite, because L is finitely branching.)

Finite subsets L; C L as starting sets for certain modified objectives ¢, (see below).
MD strategies 7; (for ¢ > 0) and subsets of states ALPHA; C BETA; C GAMMA,; C L,
where ALPHA,; (resp. BETA;, GAMMA,) are the sets of states from which 7; attains > «
(resp. > 3, > ) for objective @; (see below) in £;_; (and £;). Let ALPHAq = BETAq =
GAMMA, = (), ALPHA; = Safer, , +..,.() (and similar for BETA;, GAMMA,).

We write ALPHA<; < (J,, ALPHA; and similar for BETA<;, GAMMA;.

def

Let FIX; = BETA<; U H;. This is the subspace where choices are fixed in rounds up-to i.

def

Modified objectives p; with po = ¢ and ;41 = @ A G(L \ CI(FIX;)). For i > 0 the ;
are not strictly tail objectives, but they still enjoy the same properties as tail objectives
wrt. the Levy zero-one law; cf. Remark 11.
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In £; the choices inside FIX; are already fixed. Inside BETA; the strategy 7; is fixed, and
inside H; \ BETA<; the choices are fixed according to another MD strategy p;.
It follows from the properties above that we have the invariant

GAMMA, 1 N CI(FIX;) = 0 (21)

In particular, the sets BETA; are disjoint for different j. However, for j' > j, it is possible
that GAMMA; overlaps with BETA;, (and GAMMA,/).

Base case.

def

We start with the MDP £ < £ < L(M). By assumption, in Ly all states are almost surely
winning for o & ¢ (the unrestricted parity objective). The invariant (21) is trivially satisfied
for ¢ = 0, since CI(FIXy) = 0.

Step.

Now we define the step from £; to L£;4; for ¢ > 0. We assume that for all j < i the
MD strategies 7; and the sets ALPHA; € BETA; € GAMMA; and H; are already defined.
Moreover, 7; is fixed inside BETA;, and in £; the strategy 7; attains at least 3 for objective
¢, from each state s € BETA;. Moreover, some other MD strategy is fixed in H; \ BETA<;.
(All this trivially holds for the base case i = 0. For ¢ > 0 our construction will ensure these
properties. )

We now consider £;. By so we denote initial states in Lg. (General states are denoted
by s.) We show that in £;, all initial states sy € Ly are still almost surely winning for ¢,
as witnessed by a resetting strategy o defined below (where o is generally not MD, except
inside the subspace FIX;). First we need a basic property of ALPHA;, BETA;.

> Claim 38. Let 0 <

J
Pr, .0(G BETA;) > 25

< i and o be an arbitrary strategy in £;. If s € ALPHA; then
-8

Proof. By Lemma 15, since o behaves just like 7; in the relevant subspaces already fixed to
Tj in ['i- <

Recall that for every state s € L there exists an almost surely winning strategy o(s) for

@ in L. The resetting strateqy o in L; starts in Ly and behaves as specified in the three

different modes my, mo, mg as follows. For all j < ¢:

1. In H, it plays as prescribed by the fixing there, (starting in memory mode my).

2. Whenever o enters a set CI(BETA;) \ H; then it switches to mode my and chooses the
layer in such a way that it enters even BETA; (in at most one more step) and continues
playing 7;, as required by the fixing inside BETA;. L2 Inside BETA,, it plays 7; that is
fixed in BETA;. It continues to play 7; even in GAMMA; \ (BETA<; U H;).

3. While playing in mode mg (or my), upon reaching an unfixed state s outside of GAMMA;
(and outside of H;), it goes to mode m3 and resets to an almost surely winning strategy
o(s) for ¢ in L. It keeps playing o(s) until (and if) it reaches the fixed part BETA<; U H;,
whereupon it continues as before with mode ms.

1 By Definition 6, either the current state or the next state allows to switch between layers; cf. the proof
of Claim 14.
2 Remember that (21) implies that the sets BETA; are disjoint.
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We will see that, not only is the resetting strategy o almost surely winning for ¢, but every
time it re-enters BETA<; it has a lower-bounded chance of eventually staying in ALPHA<;
forever.

We now classify the runs induced by the resetting strategy o (from some initial state
S0 € Lo) according to how often which modes mi, ma, ms are used.

First we note that, since £; is acyclic, under any strategy (and in particular ), any run
can visit any finite set (in particular H;) only finitely often and therefore has an infinite
suffix that is always outside H;. Thus o is eventually always not in mode mj.

By our invariant (21), playing in BETA; and GAMMA,; is not restricted by our previous
fixings in BETA<;_1 U H;_;. Thus, when playing from s € BETA; in mode my, we keep
playing 7; even in GAMMA,. Analogously to Claim 38, the chance of staying in the set
GAMMA,; can be lower bounded.

sy

2

Vs € BETA: P, ¢ oim] (G GAMMA,) >

1 >0 (22)
This again follows from Lemma 15, observing that ¢ behaves just like 7; even inside GAMMA,
while staying in mode ms.

When playing from s € BETA; for some j < 4, a similar property holds. If a run
visits some state s’ € CI(BETA;/), for some j' > j, then we can assume that we have even
s" € BETA;/ by our assumption on ¢ above, because outside of the fixed region the layer can
be chosen freely. Then the strategy switches from 7; to 75 from s’ € BETA;/. Otherwise we
keep playing 7; while in GAMMA;, i.e., by Lemma 15, we get, for every s € BETA;, that

Pz, s.0[m) (G GAMMA; v F BETA. ;) > % > 0. (23)
From (22) and (23), we obtain that the set of runs that infinitely often switch from mode ms
to m3 are a null-set. Moreover, as shown above, every run has an infinite suffix where the
mode is not my. It follows that, except for a null-set, all runs either have an infinite suffix
in mode my or an infinite suffix in mode m3. Let Ry and R3 denote these subsets of runs,
respectively. L.e., we have Vsg € Lg

P, s0.0(R2UR3) = 1. (24)

In mode mg the resetting strategy o plays an almost surely winning strategy for ¢ outside
of CI(FIX;) that is not impeded by the fixings in £;, and ¢ is a tail objective. Thus, for all
so € Lo,

Pr,.so.0(R3) =Pr, s0.0(R3s Ao ANFG(L\ CI(FIX;))). (25)

From the property that ¢ is tail and the definition of ¢;11 as ¢ A G(L \ CI(FIX;)) we obtain
that, for all sg € Ly,

Pﬁmso,d(R3) = Pﬁi,SO,U(R3 A FSDiJrl) (26)

In mode my the resetting strategy o plays some MD strategy 7; in GAMMA; (for some
j <14). Thus, for all sg € Ly,

Pr, s0.0(R2) = Pr, 50.0(Ra A FGGAMMAL;). (27)

Since in mode my the resetting strategy o plays some MD strategy 7; with attainment > ~
(resp. > ) in GAMMA; (resp. ALPHA;), we can apply Levy’s zero-one law (Corollary 30)
and obtain even

Pﬁi,so,o(RQ) = PL“SO,O-(RQ A FG ALPHASL) (28)
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By (24), (26) and (28) we obtain
Pr, s0.0 (FGALPHA<; V Fpipq) =1 (29)

o plays like 7; inside ALPHA; which attains > o for ¢. By using Levy’s zero-one law
(Lemma 16(1)) for safety sets at level o, we obtain that P, s, (¢ A FGALPHA<;) =
Pr,.s0.0 (FGALPHAL;). Since Fp;iq1 C ¢ it follows from Equation (29) that Pz, 5.0 (¢) =1,
i.e., the resetting strategy ¢ wins ¢ almost surely.

For sg € Ly let

pi(50) = Pr, o0 (0 A GFIX))

be the attainment for ¢ inside the fixed region FIX; of L;.

Since H; is finite and £; is acyclic, almost surely H; is eventually left forever. Moreover,
the sets ALPHA; are safety sets (at level «) for ¢. It follows from Levy’s zero-one law
(cf. Corollary 29) that

pi(SO) = Pﬁi,soﬁ ((p AN G lel) = IPE,“S(LU (G lel) (30)

Let’s now consider only those runs from states s € Lo that do not satisfy GFIX; (the
rest satisfy ¢ already inside the fixed part of £; by (30)). From (29) we obtain

Pr,.s0.0 (FGALPHA<; V Fpii1) A =GFIX;) (31)
=Pr, s0.0 (OGFIX;)

Using Lemma 10, we show the following claim.

> Claim 39. For every e1,e2 > 0, there must exist a threshold /;;1 and a finite set

Lty C Safer, (cALPHA< ves ) (1 —€1)

such that, following o from any state sg € Lg, the chance of satisfying =G FIX; and within at
most l;11 steps reaching a state s in L, is at least Pz, 5,0 (WGFIX;) (1 —£2).

Pz s (FGFIX; AFSEALL ) > Pr. o 0 (FGFIX;) (1 — €2) (32)

Proof. For those so € Ly where Pz, 5.0 (WGFIX;) = 0 the claim holds trivially.
We now consider the remaining cases of those states sg € Lo where Pz, ¢, o (-GFIX;) > 0.
Let

§ = ey - min {Pg, 4.0 (FGFIX;) > 0} (33)

so€Lg
where § > 0 since Lg is finite. Let € = GALPHA<; V ¢;11. By (29) we have for every
Ssg € Lo
Prisoo(FE) =1

We now consider the finitely many Markov chains Cs, induced by playing ¢ in £; from the
finitely many initial states sy € Ly. Thus we obtain for every sg € Ly

Pc, (FE) =1 (34)

Since & is suffix-closed, we can apply Lemma 10 to each Markov chain Cs,. Thus there exist
thresholds [°° and finite sets

L% C Safecso,(g)(l —£1)
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such that
Pe,, (FS""L*) > Pe,, (FE) ~5=1-4 (35)

def

where the last equality is due to (34). Let now L; ; = U, ¢, L (which is finite, since it is

a finite union of finite sets) and l;41 =f maxgs,cr, (°° (which is finite as the maximum of a
finite set of numbers).
For every sg € Ly we have

Safec,, (g)(1 —e1) C Safec, (G ALPHAZ v, ) (1 — €1)

since the required value for £ = GALPHA<; V ;41 is witnessed by the strategy o, and thus
Liy C Safer, GALPHAZ v, ) (1 — €1)
as required. From (35) we obtain that for all s € Lg
Pri s (FSHH DL ) >1—0 (36)
Now we are ready to show (32). We have for all so € Ly

Pri 50,0 (FGFIX; AFSHHILL )
=Pr, 50,0 (FSHLIL)) = Ppy so.0 (GFIX; AFSHEILE 1) law of total prob.
> Pr, 00 (FSHLEL ) — Pr, 0.0 (GFIX;)
>1-0—(1="Pr, 500 (7GFIX;)) by (36)
>1—e3-Ppr, 590 (FGFIX;) = (1 = Pg, 50,0 ("G FIX;)) by (33)
=P, 50,0 (CGFIX;) (1 — £3)

Notice that L; 11 N FIX; = 0, because every state in L;;; must have a value > 1 — g; for
i+1. (In the special case of i = 0 we have FIXg = 0 and ¢; = ¢ and thus [; = 0 and
Ly = L} = Ly.) Also recall that

L/i+1 c Safeﬁi,,(c ALPHASi\/wH-z)(l —¢€1)
C ALPHA<; U Safer, o, (1 —€1).

We define L1 as Liy1 = L, \ ALPHAL;.

Since pip1 = @ A G(L\ CI(FIX;)) and ¢ is a parity objective, we can, by Lemma 9 and
Remark 11, pick an MD strategy 7;41 that is eg-optimal for ;41 from all states in L;;.

Based on this strategy 7,41 and parameters o > > v > 0, we define ALPHA;{; C
BETA;+1 € GAMMA,; 1 C L to be the sets of states from which 7;,; attains at least values
a, B and v, for @11, respectively. E.g.,

BETAi+1 = Saf8£1277—17+1 S Pit 1 (/8)

In particular, this definition satisfies our invariant (21), i.e., GAMMA; 1 N CI(FIX;) = 0,
because a high attainment v for ;11 = ¢ A G(L \ CI(FIX;) requires that CI(FIX;) is not
visited.

W.lo.g., by choosing €1, ¢ sufficiently small, we can assume that o < (1 — &7 — €g), and
therefore that L;11 C ALPHA; 1 C BETA; 41 (we only need C BETA;41).
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Let £} £ L;[Ti+1, BETA;11]. Note that in £} the strategy o might not be able to reach
L;+1 with the same probability as in £;, because the choices in BETA;;; are now fixed.
However, a similar strategy o’ can reach BETA, 11 in £ with at least the probability by which
o reaches L;11 in £;. We now define a new resetting strategy ¢’ in L. It behaves like the
previous strategy o until (and if) it reaches CI(BETA;;1). Without restriction we can assume
that it reaches even BETA; ;1 in this case (similar to the argument for o above). Then it
plays like 7;41 while in GAMMA, ;. This is possible, since GAMMA; 1 N CI(FIX;) = @ by our
invariant (21). If and when it exits GAMMA, 1 at some state s then it resets to some almost
surely winning strategy o(s) for ¢ in £ until it reaches BETA; 1 (or another previously fixed
part) again, etc.

From Claim 39 (Equation (32)) and the fact that o’ behaves like o until it reaches
BETA;+1 we obtain that

Prr .00 (MG FIX; AFStt (ALPHA<; v BETA 11))
> Pr, 50,0 (MGFIX;) (1 —e2) (37)
= ]P)ﬁ,:-ysoﬁ’ (_\G lel) (1 — 52),

where the last equality holds because £; and L (resp. o and ¢’) coincide inside FIX;.

Analogously to Claim 38, from any state in BETA; 1, the chance of staying in the set
GAMMA,; ;1 can be lower-bounded.

=

1—

2

Vs € BETAZ+1 ]P),C;,s,a/(G GAMMAhLl) > >0 (38)

)

GAMMA; 1 N CI(FIX;) = @ by (21) and ¢’ continues to play 7,41 in GAMMA, ;. Since
G GAMMA; ;1 C FG GAMMA, 11, we can apply Levy’s zero-one law (Corollary 30) to (38)
and obtain

™

1—

=2

Vs € BETAH_l ]P,C;,S,U’(FG ALPHAH_l) Z

> 0. (39)

2

By combining (37) with (39), we get

Pri 00 (TG FIX; AF=itt (ALPHA<; V FG ALPHA, 1))
B—n

> / (= (1 — LA

> (Pﬁi’soya (=G FIX;) (1 52)) —

By continuity of measures (recall that FX = (J, o F*X), for every e3 > 0 there must exist a
threshold k; 41 > l;41 of steps such that, for all sg € Ly,

Pt 50,00 (FGFIXi AF=F+1 ALPHA 1)

_ 4
> (IP’%SD)(,/ (~GFIX;) (1 — 52)) %(1 —e3). (40)

(Since Lyg is finite, we can have the same multiplicative error (1 —e3) for all so € Ly.) (In the
special case of i =0, we have k; = 0, since Ly = Ly C ALPHA;.) Once inside ALPHA<; 14,
there is a bounded chance > %_g of staying inside BETA<;;; forever, by Claim 38. Thus
from (40) we get

Prr o0 (RGFIX; AF=Fi41 G BETA< 1) (41)

> ((Pepuner (-6FX) (1 - e)) B0 ) ) 22
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def

Consider the finite k;1-bubble H; 1 = bubble(L, Lo, k;1+1) around Ly. Remember that in
finite MDPs, there are uniformly optimal MD strategies for reachability objectives [16].
Consequently, since H;41 is finite, there exists an MD strategy p;1+1 in £} that is optimal
from H,1, for the objective of reaching ALPHA<;1 (from L) inside H;y1 without leaving
H;1q1. We fix p;y1 inside H;41, and obtain our new MDP

def

Liv1 = Lilpiv1, Lo, kit]

def

See Figure 4 for an illustration after round ¢ = 3. We define FIX;;; = BETA<;11 U H; 11
as the region where the strategy is already fixed in £;11. We now define an almost surely
winning resetting strategy ¢’ in £;11, analogously as ¢ previously in £;. Similarly as in
Equation (30) for £;, we can derive the corresponding property for £;11.

Pt so0m (@ ANGFIXi11) =Pr, o 50,07 (GFIXiy1) (42)
L1, L, and L; (resp. the strategies 0", ¢’ and o) coincide inside FIX;. Thus by (30) we
have
Pri 150,07 (GFIXs) = P s, 00 (GFIX;)
= Pg, 5,0 (GFIX;) (43)
= pi(so)

By the optimality of the reachability strategy p;+1 that is fixed in H;y; and FIX;1; =
BETA<;+1 U H;;1, we obtain from this and Equation (41) that

Pr, 150,07 (FGFIX; A GFIXi41)
_ _ 44
> (0= pteo-ef =20 -20)) $5 .

The crucial question is how much ¢” attains for ¢ in the fixed part alone, i.e., how large
is Pz, s0,0m (@ A GFIXiy1) = pit1(so) ? For all sy € Lo we have

pi+1(s0)

= P£i+1,3070” (G FIXi-‘rl)

=Prii1s0.07 (GFIXi) +Pri ) so,0 (FGFIX; A GFIXiy1)

= lon) + (1= iton)) (-T2 (- e $25).
where the first equality is due to (42) and the last inequation is due to Equations (43)
and (44).

We can suitably choose the parameters «, 3,7, €2, €3 such that ((1 — 62)%(1 — 63)%_?)
is arbitrarily close to 1, and thus in particular > 1/2, and obtain that p;+1(so) > pi(so) +
(1 — pi(s0))/2. Since po(so) = 0, we get 1 — p;(sp) < 27¢ and thus lim; o pi(so) = 1, as
required.

Finally, let & be the MD strategy in £ that plays from Lg as prescribed by all the fixings
in {J; FIX; in the systems £;. Then, for all sq € Sy and every i € N, it holds that

Prosos (9) > Priso6 (9 A GFIX;) =pi(sg) > 1—27¢

Since this holds for every i € N we get that Pz 5, 5 (¢) = 1, i.e., the MD strategy ¢ wins ¢
almost surely from every sg € Lyg. <
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F  Optimal Strategies for {0, 1,2}-Parity

» Theorem 22. Let M = (S, Sy, So, —, P) be an MDP, ¢ a {0,1,2}-Parity objective and
M., = (S, Sig, Svo, —«, Py its conditioned version wrt. . Assume that in M, for every
safety objective (given by some target T C Sy) and € > 0 there exists a uniformly e-optimal
MD strategy. Let Sope be the subset of states that have an optimal strategy for ¢ in M.

Then there exists an MD strategy in M that is optimal for ¢ from every state in Sop;.

In the rest of this section we prove Theorem 22. It generalizes [13, Theorem 16], which
considers only finitely-branching MDPs and uses the fact that for every safety objective,
an MD strategy exists that is uniformly optimal. This is not generally true for infinitely-
branching acyclic MDPs [13]. To prove Theorem 22, we adjust the construction so that it
only requires uniformly e-optimal MD strategies for safety objectives (in the conditioned
MDP M.,).

» Theorem 40 (from Theorem B in [16]). For every MDP M there exist uniform e-optimal
MD-strategies for reachability objectives.

The following simple lemma provides a scheme for proving almost-sure properties.

» Lemma 41 (Lem. 18 in [13]). Let P be a probability measure over the sample space Q. Let
(R:)ier be a countable partition of Q in measurable events. Let £ C Q2 be a measurable event.
Suppose P(R; N E) = P(R;) holds for alli € I. Then P(£) =1

We need a few lemmas about safety objectives first. Recall the definition of safe sets
(Equation (1)).

» Lemma 42. Let M = (S,S5q,50,—, P) be an MDP, T C S, o a strategy from state
s€ S and T < 1. It holds that P s o (FG-Safer sazery(m)(T) AFG(S\T)) =0

Proof. For any n € N define Z, = (S\T)". That is, Z,S* is the event that the first
n visited states are outside 7. For every state s ¢ Safersatety(r)(7) and every strategy
o from s we have that lim, oo Pa,s,0(Z2,5%) < 7 < (1 + 7)/2 by Equation (1). Let
n(s) € N be the smallest number such that Py s.0(Z,5)SY) < (1 +7)/2. Let L € S* be
the set of finite sequences ss1 - - - 5,1 such that so € Saferq sazery(7)(7) and n = n(sg) and
Vi <n.s; € (S\T)\ Safers satery(r)(T)-

We show for all s € S\ Safep satery(r)(7) and all k € N that Py, o(LFS¥) < (
We proceed by induction on k. The case k = 0 is trivial. For the induction step let k

)"
>0

]P)M,S,U(Lk+1sw) S PM,S,J(Z'IL(S)LkSw)

<Prtso(ZnS) - sup Pagy o (LFS?)
S/ES\SafCM.Safety(T)(T)

k k+1
w 1+7 1+7
<Pl (57) < (57)

where the first inequality uses that LN {s}S* C Z,(,), the third uses the induction hypothesis,
and the last the definition of n(s). This completes the induction proof.
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Write ¢ £ G-Safer satery(r)(T) AG(S\T). For all s € S,

Prts.o(9) = Pas,s.0 (L) because [¢] = L¥
= klim P M’s?,,(L’C S« by continuity of measures
— 00
k
1
< lim ( +T> as shown above
k—o00 2
=0 because T < 1

It follows that Py s.»(X7p) =0, for all s € S and all j € N and therefore that

IP)./\/t,s,tr(FGSCLfe/‘\/l,Safety(T) (T) AFG (S \ T))
= PM,S,G(R)O)

PM,s,g( U [[ijﬂs)

JjEN

IN

> Prso(Xp) = 0 <
jeN

Now we show that if an MDP admits uniformly e-optimal strategies for all safety objectives,
then optimal strategies for {0, 1,2}-Parity (where they exist) can be chosen MD.

» Lemma 43. Let M = (S, Sg, So, —, P) be an MDP such that for every safety objective
(given by some target set T C S) and € > 0 there exists a uniformly e-optimal MD strategy.
Let sp € S, Col : S — {0,1,2}, ¢ = Parity(Col), and o a strategy with Ppq,s,.0(p) = 1.
Then there is an MD-strategy o' with Pag sy.00 (@) = 1.

Proof. To achieve an almost-sure winning objective, the player must forever remain in states
from which the objective can be achieved almost surely. So we can assume without loss of
generality that all states are almost-sure winning, i.e., for all s € S we have Py s ,(¢) =1
for some strategy o. We will define an MD-strategy o’ with Pa ./ (p) =1 for all s € S.

Recall that [S]€°'#0 C S denotes the subset of states of color 1 or 2. Let T' = [S]¢9!#0 and
let 0. be a uniformly e-optimal MD strategy for Safety(7T), whose existence is guaranteed
by our assumption on M. The precise € > 0 is immaterial, we only need that ¢ < % The
MD-strategy o’ will be based on special subsets (Equation (1)):

Safer(T) = Safepr o. satery(r)(T) C S. (45)

We first define the MD-strategy ¢’ partially for the states in Safe M(%) and then extend the

) def

definition of o’ to all states. For the states in Safer((3) define 0’ = o (which is MD). Let M’
be the MDP obtained from M by restricting the transition relation as prescribed by the partial
MD-strategy o’ in Safers(3) (elsewhere the choices remain free). We define Safer (1) for M’
as in Equation (45) for M. Thus, for any 7 € [0, 1], we have Safer(7) = Saferr (7). Indeed,
since M’ restricts the options of the player, we have Safer((7) 2 Safer (7). Conversely,
let s € Safep(7). The strategy o. attains Pag s . (G[S]°'=0) > 7. Since 0. can be applied
in M, and results in the same Markov chain as applying it in M, we conclude s € Safen (7).
This justifies to write Safe(r) for Safer((7) = Saferr (7) in the remainder of the proof.
Next we show that, also in M’, for all states s € S there exists a strategy o1 with
Pt 5,0, (p) = 1. This strategy oy is defined as follows. First play according to an almost-
surely winning strategy ¢ from the statement of the theorem. If and when the play visits
Safe(%), switch to the MD-strategy o.. If and when the play then visits [S]9°'#0 switch
back to an almost-surely winning strategy o from the statement of the theorem, and so forth.
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We show that oy attains Pay 50, (¢) = 1. To this end we will use Lemma 41. We
partition the runs of sS“ into three events Rg, R1, R2 as follows:

Ry contains the runs where o1 switches between o. and o infinitely often.

R1 contains the runs where o1 eventually only plays according to oe.

Ro contains the runs where o1 eventually only plays according to o.

Each time o7 switches to o, there is, by definition of Safe M(%), a probability of at least %
of never visiting a color-{1,2} state again and thus of never again switching to o. It
follows that Pay 50, (Ro) = 0. By the definition of the switching behavior of o1, we
have Ry C [FG[S]9?=°] C [¢], and hence Pat 50, (R1 N [¢]) = Patrsoy(R1). Since
Pa,s,o(p) = 1 and ¢ is tail, we have that Py o, (R2 N [¢]) = Par 5,0, (R2). Using
Lemma 41, we obtain Py s 4, (¢) = 1.

Next we show that for all s € S the strategy o1 defined above achieves Pay s o, (FSafe(3)V
F[S]¢°'=2) = 1. To this end we will use Lemma 41 again. We partition the runs of sS* into
three events R}, RS, Ry, as follows:

Rll — [[FG[S] Col:OHs

R} = [GF5] “=2]:

R) = 55\ [¢]*
We have previously shown that Py s+, (¢) = 1 and hence that Pay s, (Rp) = 0. We
now invoke Lemma 42 with 7 = % + e < 1 and obtain that almost all runs in R}
satisfy GFSafenq satety(r)(7). Since o. is uniformly e-optimal for Safety(7') we have
Safepm satesy(T)(T) C Safe(r — ) = Safe(2) and thus almost all runs in R} satisfy GFSafe(2).
Since [GFSafe(2)] C [FSafe(2)], we observe that

/ 2 ol=
Pt 5.0 (R1 N [FSafe(3) V FIS] 7)) = Pagr 5.0, (RY).
Since Ry C [F[S]€°'=2], we also have that
2 -
Pat,s,0:(Ry N [FSafe(3) V FIS] 7)) = Parrs,00 (R2).

By Lemma 41 we obtain Pay s 0, (FSafe(3) v F[S]99'=2) = 1.

Writing 77 = Safe( 2)U[S]9'=2 we have just shown that for all s € S there is a strategy o1
with Py .0, (FT') = 1. Since this holds for all s € S, it follows from Theorem 40 that there
is an MD-strategy & for M’ with Pay s 5(FI') = 1 for all s € S. We extend the (so far
partially defined) strategy ¢’ by 6. Thus we obtain a (fully defined) strategy o’ for M such
that for all s € § we have Ppq o/ (FI') = 1.

It remains to show that Paqs.(¢) = 1 holds for all s € S. To this end we will use
Lemma 41 again. We partition the runs of sS“ into two events RY, RY:

R = [GFSafe(2)]*, i.e., RY contains the runs that visit Safe(2) infinitely often.

Y = [FG-Safe(3)]*, i.e., RY contains the runs that from some point on never visit
Safe(%).
Recall that o’ plays like o. inside of Safe(3), that Safe(2) C Safe(3), and that o. is an

MD-strategy. Thus we can invoke Lemma 15 with 82 & 2 and 8; £ L and conclude that

3 3
every time a run (according to o’) enters Safe(2), the probability that the run remains in
Safe(}) forever is at least &. It follows that almost all runs in R{ eventually remain in Safe(%)
forever. That is, Paq,s,0 (RY N [FGSafe(3)]) = Pat,s,or (RY). Since Safe(3) C [S]9'=Y, we

have [FGSafe($)] C [FG[S]9'=°] C []. Hence also Pry,s.0 (R N [¢]) = Part,s,0r (RY).
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We have previously shown that P (FT’) = 1 holds for all s € S. Hence also

Pat,s,0-(GFT”) = 1 holds for all s € S. In particular, almost all runs in RY satisfy GFT".

By comparing the definitions of R and T' we see that almost all runs in R} even satisfy
GF[S]99!=2. Since [GF[S]“°'=2] C [¢], we obtain Puq s o (Ry N[¢]) = Pat.s.or(RY). A final
application of Lemma 41 yields Pay 5,0/ (p) =1 for all s € S. <

We are ready to prove Theorem 22.

Proof of Theorem 22. Let M = (S, Sg, So, —, P) be an MDP and ¢ a {0, 1,2}-Parity
objective. Since ¢ is tail, it is possible to define (see Definition 19) the conditioned version
M, = (S, Ssn, Seoy —«, Pi) of M wrt. . Assume that in M, for every safety objective

(given by some target T' C S,) and € > 0 there exists a uniformly e-optimal MD strategy.

Let S,p: be the subset of states that have an optimal strategy for ¢ in M.

By Theorem 20.1, all states in M, are almost sure winning for ¢. By our above condition
about safety objectives in M., we can apply Lemma 43 to M, and obtain that for every
state in M, there is an MD strategy that is almost surely winning for ¢. By Theorem 20.2,
there is an MD strategy in M that is optimal for ¢ from every state in Sop¢, as required. <«

In order to apply Theorem 22 to infinitely-branching acyclic MDPs, we now show that

acyclicity guarantees the existence of uniformly e-optimal MD strategies for safety objectives.

» Lemma 23. For every acyclic MDP with a safety objective and every e > 0 there exists
an MD strategy that is uniformly e-optimal.

Proof. Let Safety(T') be the safety objective and shortly write val(so) = val v satery(7)(50)
for the value of a state sg w.r.t. this objective. Assume w.l.o.g. that the target T C S is a
sink and let ¢ : S — N be an enumeration of the state space.

Let 0 be an MD-strategy that, at any state s € S, picks a successor s’ such that

val(s') > wval(s)(l—e274%).

We show that Pay s, (Safety(T)) > val(sg)(l — ¢) holds for every initial state so.

Let’s write Post™(s) C S for the set of states reachable from state s € S and define
L(s) =< Lo epost-(s (1 — £274)). Further, let val,(n) be the random variable denoting the
value of the nth state of a random run that starts in s. In particular, val;(0) = val(s). An
induction on n using our choice of strategy gives, for every sg € .S, that

E(vals,(n)) > val(se)L(so). (46)

Indeed, this trivially holds for n = 0. For the induction step there are two cases.
Case 1: so € Sp and o(sp) = s. Then

E(vals,(n+ 1))

= E(vals(n))
> val(s)L(s) ind. hyp.
>val(sg) (1— 52_‘(80)) L(s) def. of o

> val(sg)L(so) acyclicity; def. of L(sp).
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Case 2: sy € So. Then

E(vals,(n+ 1))

So—S

= val(sg)L(so).

-E(valg(n))

-val(s)L(s)

-val(s)L(sp)

by ind. hyp.
-val(s) (1 - 52_L(S°)) L(s)

acyclicity; def. of L(sg)

Together with the observation that L(sg) > (1 — ¢) for every sg, we derive that

lim inf E(valg, (n)) > val(sg)(1 —&).

n—o0

(47)

To show the claim, fix sg € S and shortly write P for Paq 5,0 here. Let [X"—T]: S¥ —
{0,1} be the random variable that indicates that the nth state is not in the target set T'.
Note that [X"=T] > vals,(n) because target states have value 0. We conclude that

P(safety(T))

Y

G

P (ﬁ [[X’HT]]>
=0
limP (ﬁ [X'=T]
=0
lim P ([X*=17)

n—oo

lim E([X"~T)

n—roo

hnrgloréf E(val(n))

val(sg)(l —¢)

)

semantics of Safety(T) = G—T

cont. of measures from above

T is a sink
definition of [X"—T]
as [X"=T] > vals, (n)

by Equation (47). <

e-Optimal Strategies for {0, 1}-Parity

» Theorem 25. Suppose that M = (S, Sy, S, —, P) is an MDP such that for every safety
objective (given by some target T C S) and € > 0 there exists a uniformly e-optimal MD

strategy.

Then for every co-Biichi objective (given by some coloring Col : S — {0,1}) and e > 0
there exists a uniformly e-optimal MD strategy.

Proof. Let M = (S, Sg, So, —, P) be an MDP such that for all safety objectives, uniformly
e-optimal strategies can be chosen MD. Let Col : S — {0,1} be a coloring and ¢ =
Parity(Col) be the resulting co-Biichi objective.

We show that there exist uniformly e-optimal MD-strategies for ¢. L.e., for every € > 0
there is an MD-strategy o, with Vs esPa,s0,0. (@) > valaq(so) — €.

To construct this MD-strategy strategy o., we first need several auxiliary notions.
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def

Let £1 > 0 be a suitably small number (to be determined later) and 7 = 1 — &7 > 0. Let
5 = 1—e1/k + X for a suitably large k > 1 (to be determined later) and let A < &, /k (e.g.,
A= e1/(2k)). Thus 7 < 1.

Let T = Col™*({1}) be the set of states with color 1 and Safety(T') the safety objective.
We have that ¢ = FG(S\ T).

By our assumption on M, there exists a uniformly A-optimal MD-strategy o opt-qv for
Safety(T). Let S’ B Safer, o0 satety(T)(T1) be the set of states where o,y 40 achieves
at least value 7 for Safety(T) (refer to Equation (1) for the definition of safe sets). In
particular S’ C S\ T, since 71 > 0. From M we obtain a modified MDP M’ by fixing all
player choices from states in S’ according to g opt-qo-

We show that the value w.r.t. objective ¢ is only slightly smaller in M’, i.e.,

valag(so) > valaq(sg) —e1  for every sp € S. (48)

Let sg € S. By definition of the value val(sg), for every § > 0 there exists a strategy oy
in M from sg s.t. Pag,s,04 () > vala(so) — 6. We define a strategy of in M’ from state sg
as follows. First play like os. If and when a state in S’ is reached, then henceforth play like
Oopt-av- This is possible, since no moves from states outside S’ have been fixed in M’, and
all moves from states inside S have been fixed according to oopi-qy- Then we have:

PM/780,0':; (4,0)

=P ;50,05 ()
- PM,50705(FS/) ']P)M,5070'6 (90 | FS,)
+ Pat,s0,05 (FS”) 'PM’,So,ag (¢ | FS")

> PM7307‘76 (90)
- ]P)M,SO,U(;(FS/) “Pr,so,05 (80 | FS/)
+ PM7507UJ(FS/) 71

> ValM(So) -0 — PM750705(FS/)(1 — 7'1)
> valpm(so) — 0 —e1

Since this holds for every d > 0 we have val g (sg) > vala(sg) — €1, thus (48).

Let S” % Safe M, op-an,Satety(T) (T2 — A) as by definition of safe sets in Equation (1). In
particular, S” = Safexy o, ., satety(T) (T2 — A), 8ince Oopt_ay is a uniform MD-strategy that
has been fixed on the subset S’ in the step from M to M’.

Let sg € S be an arbitrary state. By definition of the value w.r.t. ¢ of sq, for every ¢’ > 0
there exists a strategy o/ from sg in M’ with Pay 0.0, () > valag(so) — €'

Since 72 < 1, can we apply Lemma 42 and obtain Puq s, 6(FSaferr sagery(r)(T2)) >
Pat 50,6 () for every strategy & from sg and thus in particular for o..

Therefore, Py sg,0., (FSafers sasery()(T2)) > valay (sg) — €', Since this holds for every
¢’ > 0, in M’ the value of so w.r.t. the reachability objective FSafer satery(r)(2) is
> valap(sg) for every state sq.

By Theorem 40, for every £2 > 0 there exists a uniformly e5-optimal MD-strategy ¢’ in
M’ for this reachability objective. So we obtain

Pt so,00 (FSaferr sagery(m)(T2)) = valaar(so) — €2 for every state so. (49)

In particular, ¢’ must coincide with oopt 40 at all states in S’, since in M’ these choices
are already fixed.
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Since o is a uniformly A-optimal MD-strategy for Safety(7T) in M and M’, we have
Safe./\/l/,Safety(T) (7—2) - SafeM’,a,Safety(T) (7—2 - )‘) = 5" and thus by (49) we get

Patr,s0,0 (FS") > Pagr so,00 (FSaferr satery()(12)) > valag(so) — €2 (50)

We obtain the MD-strategy o in M by combining the MD-strategies 0’ and o ypt-qy. The
strategy o, plays like 0op¢q0 at all states inside S’ and like o’ at all states outside S’ (i.e., at
S\ 9.

In order to show that o, has the required property Paq,s,,0. () > vala(so) — €, we first
estimate the probability that a play according to o. will never leave the set S’ after having
visited a state in S”.

Let s € S”. Then, by applying Lemma 15 to the Markov chain obtained from applying
the MD-strategy o. to M, we obtain

(7’2—/\)—7'1
].—T1

_ (A-—a/k)-(1-e) (51)
€1

v

PM157UopL—av (GS/)

1
S
k
In particular we also have Pag s (GS') > 1 — %, since o, coincides with o4y 4, inside the
set S’. Finally we obtain for every sq € S

Prsooc(0) = Prtyso,o. (FGIS\T)) by def. of ¢
> Patsy,o. (FS”) - Patsg,0. (FGS" | FS)  since 8" C S\T
> Patrsgor(FS”) - (1= 1/k) by (51)
> (valar(so) —e2) - (1 —1/k) by (50)
> (valm(so) —e1—e2) - (1—1/k) by (48)

This holds for every 1 > €1,e5 > 0 and every k > 1, and moreover val(sg) < 1. Thus we
can set £, = g9 = ¢/4 and k = 2 and obtain P50 () > vala(so) — € for every sg € S
as required. |
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