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1. Non Linear Optimization
For a least square minimsation problem:
. 1
min F(z) = /(@)
where € R". A direct method is to calculate the first order derivtive:

dF(x)

dz 0 M

Then the optimum  is obtained. However, Solving the equation [T|requires knowledge of the global characterics, which are
ususally intracable. Thus, we resort to a stochastic alternative:

1. starting from an initial value x.
2. in the kyy, iteration, find an increment Az, such that F'(xy + Axy) is the minimum in the local region.
3. if Az, is smaller than a predefined creterion, then we stop the iteration.

4. update: )11 = T + Az, go to step (2).

1.1. Newton Method

Based on the stochastic method, we will try to linearize F'(xx) in each iteration:
1
F(xp + Awxy) ~ F(xy) + J(zp) T Az + §Awa(wk)Amk (2)

where J(x) and H (xy) is the first order and second order derivative functions, i.e., Jacobian and Hessian matrix. If we
ignore the second order item, the optimum Az} would be:

Axy = —J(x)
Otherwise if we consider the second order item, the cost function would be
Az} = gl;rkl | F(x) + J(z)" Az + %Amfﬂ(mk)Amng
We calculate the first order derivative of the RHS with respect to Az, and let it equal zero. This would give us:
J(xzp) + H(zp) Az, = 0 = H(zp) Az, = —J(xk). 3)

The solution of equation is Axy.



1.2. Gaussian-Newton Method

1 1
Fay + Awy) = Sl|f (@ + Aay) |5 ~ 5[ () + I ()" Azy|3 S

. 1
Azj, = min S || f(2x) + J (z)T Az |3
Az, 2
We calculate the first order derivative of the RHS with respect to Az, and let it equal zero. This would give us:
J(x) f(xp) + I (z1) T ()T Az = 0

i.e.,

J(zp)d (zp)" Az = —J (x1) f () )
H(x)

Thus, an optimisation pipeline is:

Gaussian Newton Method:

1. starting from an initial value x.

in the kyy, iteration, calculate J(xy) and f(xy).
obatain Axj, by solving equation

if Az} is smaller than a predefined creterion, then we stop the iteration.

A

update: xj1 = x} + Az, and go to step (2).

Here we practice the Gaussian-Newton method on a simple curve fitting task. For example, given a batch of samples
{zi,y;li =1,2,--- , N}, each of which can be roughly parametrized by:

y; = exp(ax? + bx; + ¢)

The ground truth parameters a, b and ¢ are unknown. The task is to find the optimum parameters a*,b* and c¢* that best fits
the samples. We denote the variable to be estimated as p = [a, b, ¢|T. Thus, the cost function is:
fi(p) = yi — exp(ax? + bx; + c)

N

Fp)=)_lfiol3

2

In each iteration, the cost function we are going to minimise is:

N N
F(p+Ap) = Z Ifi(p+ Ap)|I3 = Z fi(p) + Ji(p)T Apl|3

N
* M 1
Apj, = min > S filpr) + Ji(pe)" Apill3

We calculate the first order derivative of the RHS with respect to Apy, and let it equal zero. This would give us:

N N

S Jk) filpr) + > Jilp) Ji(pi) T Apr = 0

% A



i.e.,
N

Z Ji(pi)Ji(pr)T Apy, = — Z J(pr) fi(pr)

The Jacobian matrix is calculated as:

[afi(Pk) Ofi(pr) Ofi(Pr) 1

Jilee) = =5, " " ac |

W = —a7 exp(azi + bx; +c)
% = — exp(azy + b + ¢)
C

Then we follow the optimisation steps to iteratively calculate each py.

1.3. Gaussian Newton Method with Information Matrix

If the samples are corrupted by a known noise, e.g., Gaussian noise w ~ (0, 02), then the sample model can be regarded
as:

y; = exp(aa? + bx; + ¢) + w;
then
fi(p) ~ (yi — exp(az? + bx; + c), w;)

the cost function considering Gaussian noise is:

Ap; = mmz 2 Hfz pr) +J; (pk)TAPkHz

N
1
(pr) fi(pr) Zﬁ pr) Apr =0

\ -

N
2l
%

=N

ie.,
N

N
1 1
> EJi(pk)Ji(pk)TApk =-> —3J (Pi) filpr)
it it
See python code for detailed comparison experiment on the impact of the variance. Experiment conclusion: Taking sample
variance into consideration will significantly improve parameters estimation accuracy.

1.4. Levenberg-Marquardt Method

_ [k + Azy) — f(zh)
p= J(mk)TA:ck (6)

p indicates how well the approximation is. A robust optimization pipeline is:

Levenberg-Marquardt Method:
1. starting from an initial value x.

2. in the kyy, iteration, we solve:

1
Awj = min 2| (@) + J (@) A3, s.tl| DAz < p




ground truth p: 5.20, 3.30, 2.00,
fitted p w/ W: 4.89, 3.34, 2.00,
fitted p w/o. W: 3.94, 3.32, 2.00
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Figure 1. Curve fitting result using Gaussian Newton Method w/ and w/o. information matrix.

3. if Axj, is smaller than a predefined creterion, then we stop the iteration.
4. calculate p by equation@ Ifp> %, then pp41 = 2uy s elseif p < %, then pgp4+1 = 0.5p.

5. if p is greater than a predefined threhold, then update: x;+1 = x; + Axj}. Go to step 2.

2. Lucas-Kanade Algorithm
2.1. Additive Forward Algorithm

Given a template image 7'(x), we apply an affine transformation W (z; py;) to it and obtain a tranformed image I(x) =
T (W (x;pgt)). Suppose the affine transformation is hidden and we want to align an input image I (x) with a template image
T(x), i.e., estimate the affine transformation W (z; p). Formally,

o= [z,y]"

T
p=I[p1 P2 pP3 Ps D5 Dl

oy |1+p1 p3 ps| |®
W(m’p){ p2 1+ps pel |y

By saying ‘alignment’ we are actually trying to minimise a cost function:
Fp) =Y _lf@)3=Y_IIT(=) — I(W(z:p))3
x x

A straight-foward solution is to find the zero point of the first order derivative, i.e., BFT@ = 0. But this is impossible because

while W (x; p) is a linear function w.r.t p, I () is a non-linear function w.r.t . Thus, We resort to optimise the cost function



in a local region rather than a global region:
Ap* =argmin }  |I(W(@;p+ Ap)) - T()]3
x

=i 3 (W (ap) + g P~ Tl

OL(W (x;p)) OW (x;p)

= i I(W (; Ap) -T(z)|3
anggin 3 1(W (w:p) + e e =5 0p) T (a)

U A

B . _ OW (x; p) 2

= arg 121;12 [ 1(W (z;p)) + VIT Ap) — T'(z)]|3

r ——
J
where V1 is image gradient, and %;f;p) = [g 2 g 2 (1) 1l In each iteration, the optimum increment is calculated

by solving the following equation:
J(p)J (p)" Ap* = —J(p)/(p)
then update:
p<p+Ap
Since J (p) is depent on p, J(p) needs to be re-calculated in each itereation.

Puzzles:

L. % should be evaluated at W (x; p), right? [1]] does an operation: warp the gradient VI with W (x; p).

LK additive forward algorithm:
1. starting from an intial guess py = py, pixel region X

2. calculate the error f(pg) = I(W (x;pi)) — T(x) foreach x € X.

OW (z;p) |
op |TEX,p=pi*

3. calculate
4. calculate the gradient of image I and warp it with W (x; py) and we get V1.
5. J(pr) = VIZZZR s o,

6. Apj = — > cxlJ(0r)I ()" T (pr) f(Pr)

7. check if stop the iteration, otherwise update pi+1 = pi + Apj.

8. goto step 2.

2.2. Compositional Algorithm

Compositional algorithm decomposes the warpping as:
k+1«k
W (x;p+ Ap) + W(x;p) : Additive Forward Algorithm update
W (W (x; Ap);p) + W (x;p) : Compositional Algorithm update

IThis term means gradient image evaluated at the warpped pixels.
2Note this term is evaluated at the  and p.



Ap* = argrgi;lz [1(W(W (; Ap); p)) — T()| 3

oI(W (z;p)) OW (x;0)

— angagin 37 (W (W (:0).p) + “ B S0 A ()
i
= argmin Y [1(W (2:)) + VIW (@) g o) Ap — T()]3

J
VI(W (x;p)) is easily obatined since we will have to calculate the first term I(W (x; p)) anyway. %;“0) is not depent
on p, thus it needs to be calculated only once. Since we are using compositional warpping, update of p cannot be done with

simple addition. Instead:

W (x; prs1) = W(W (x; Apr);pr) = W (x; pr) - W (x; Apy)

L4phitt phtt pET Tiaph ph pE] [+ ApE Aph Apk
phTL 1 phtt o phtUl = pk o 1pk o pE| | Aps 1+ ApE Apk
0 0 1 0 0 1 0 0 1

[(14pY) (1 + ApF) + p5Aps  (1+pF)Aps + p5(1+ Apf) (1 + p})Apk + p5Apg + pk
= [p5(1+ ApY) + (L4 ph)Aps  p5APE + (1+p5)(1+ Apy)  p5APE + (1 + p§) Apf + p
0 0 1

Solving the above equation will give us the update equation:

j41 p1 + Ap1 + p1Ap1 + p3Aps
P2 p2 + Apz + p1Ap1 + psAps
ps| _ |p3s+ Aps+ p1Aps + p3sApy 7
D4 Pa + Aps + p1Aps + palApy
D5 ps + Aps + p1Aps + p3Apg
D6 P + Ape + p1Aps + paApe

LK Compositional Algorithm:

1. calculate %Z‘O)he;ﬁp:o.

2. starting from an intial guess px = pg, pixel region X

3. calculate the error f(py) = I(W(x;pr)) — T(x) foreach x € X.

4. calculate the gradient of image I(W (x; pi)) and we get VI(W (x; p)).
5. J(pr) = 20ED | v po - VI(W (23 )

6. Apj = =3 cxlJ (0e)J (0e)"] ' T (pr) f (1)

7. check if stop the iteration, otherwise update p1 using Eq.

o]

. go to step 3.

3This term means gradient of the warpped image evaluated at the original pixels.
“4Note this term is evaluated at the a and 0.



2.3. Inverse Compositional Algorithm

Similarly, ICA is also aimed to solve this optimisatin problem from a local region. The difference is that the cost function
can be written from another perspective:

Ap" =argmin} | T(W (@; Ap)) — I(W (x;p))]3

OT (W (;0))
Op

OT (W (x;0)) OW (x;0
p
p —

:arglgglz|\T(W(a:;0)) + Ap — (W (z;p))|3

o L ap— 1w (@)l

0
Bl El
T (W (x;0))
op A
J

= arg min T(x) +
gAP;H (z)

_ argrgipnz T () + VT I(W (z;p)ll3

update equation is:
T(W (2;0)) = I(W (23 pry1)) = T(W (a5 Ap)) — I(W (z;p1)) = W (@3 pir1) = W pi) - W (s Apr) ™
We want to update using
W (z; prt1) = W (z;pi) - W(z; Apy)
therefore, solving the below equations

-1
1+Apr  Aps  Aps

W (z; Apy) ™' = Apo 1+ Aps Apg
0 0 1
1 14+ Apys  —Aps  —Aps — ApsAps + ApzApg
T (1+ Ap)(1+ Apy) — ApaAps %pQ ! +0Ap1 A Ap1A1p6 ApAp ®)
1+ Ap) Apl Apt
W(xz;Ap')=| Apy  1+Ap) Apy
0 0 1
W (x; Ap) ' = W(x; Ap')
will result in:
Ap) —Ap; — Ap1Apy + ApaAps
Ap’z —Apo
Ap) (14 Ap1)(1 + Apy) — ApaAps | —Aps — Ap1Apy + Apa Aps
Apy —Aps — ApsAps + ApzAps
Apg —Apg — Ap1Ape + Apa Aps
Now we can update using
21 p1+ Apy + p1Apy + p3Aph
P2 p2 + Aph + p1ApP; + palph
P3| |Ps+ Aps+piAps + psAp) (10)
P4 pa + Ap) + p1Aps + paAp)
s ps + Aps + p1Aps + p3Aps
D6 P6 + Apg + p1Aps + paApg

Note that J is indepent on p, this wonderful property makes it possible that we calculate the Jacobian once, and then use
it over and over again.

5This term means gradient of the image evaluated at the original pixels.
Note this term is evaluated at the 2 and 0.



Figure 2. Left to right: template image 7", transformed template image I , recovered template image T using ICA.

LK Inverse Compositional Algorithm:

[u——

. calculate %:O)hex,pzo, VT and J = %Z;O)hex,p:o -VT.
starting from an intial guess px = py, pixel region x € X
calculate the error f(py) = T(x) — I(W (z;py)) foreach z € X.

Apj == cxlJ ()T (pr) "1 I (pr) f (k)

check if stop the iteration, otherwise update py,.1 using the equation[9)and Eq. [10]

AN e

go to step 3.
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